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共変解析力学のDirac場と結合した重力場への適用 
中嶋	慧 

筑波大	数理物質	都倉研D2　　	
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[問題1]時間を特別扱いし、相対論的共変性が自明でない	

量子力学はハミルトン形式と相性が良い	

相対論はラグランジュ形式と相性が良い	

量子化	

解析力学・量子論・相対論	

ゲージ固定	
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スカラーポテンシャルの正準共役運動量:	
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[問題2]正準運動量は独立ではない	

ゲージ固定	

ポアソン括弧の代わりにDirac括弧	

c = 1 (0.1)

c, µ0, ε0 = 1 (0.2)

L = L(A, dA) = −1

2
F ∧ ∗F + ∗J ∧A = L ∗ 1 (0.3)

L = L(Aµ, ∂µAν) = −
1

4
FµνFµν +AµJ

µ (0.4)

πφ =
∂L

∂∂0A0
= 0 (0.5)

H
def
= dA ∧Π− L = H(A,Π) (0.6)

δL = δA ∧ ∂L
∂A

+ δdA ∧ ∂L

∂dA
(0.7)

Π
def
=

∂L

∂dA
= − ∗ F (0.8)

J = Jµdx
µ (0.9)

A = Aµdx
µ, F =

1

2
Fµνdx

µ ∧ dxν (0.10)

ω = ωµ1µ2···µpdx
µ1 ∧ dxµ2 ∧ · · · ∧ dxµp (0.11)

d ∗ F = − ∗ J
⇐⇒ ∂µF

µν = Jν

⇐⇒ ∇ · ε0E = ρ, ∇× B

µ0
− ∂

∂t
ε0E = i (0.12)

Eαβγδ ͸׬શ൓ରশςϯιϧͰɺE0123 = 1
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電磁場	

これらの問題は、重力の量子化の際に特に問題となる。	

(2)共変解析力学		
De Donder-Weyl theory [1]  De Donder (1930), H.Weyl (1934)[1] 	

πµ,µ1···µp def
=

∂L
∂∂µψµ1···µp

(0.1)

L =
√
−gL, g = detgµν (0.2)
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p(0)N

⎞

⎟⎟⎟⎟⎠
(0.5)
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HS(t) =
∑

s=↑,↓
[ω0 + sgSBS ]a

†
sas (0.7)

γb → cγ, γ′b → cγ′bͰෆมɻγ
′
b/ΓtotͷΈ͕ॏཁɻγ′b = 0Ͱ 0.

γ′b = 0Ͱ΋༗ݶɻ
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∣∣∣
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∂vχi (α)

∂(iχbσ)

∣∣∣
χ=0

=
Γbσ,i

ΓR,i + ΓL,i
(0.9)
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[∂vbσi (α′)

∂αm

∂Ei(α)

∂αn
− (m↔ n)

]
. (0.11)

1

πµ,µ1···µp def
=

∂L
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⎜⎜⎜⎜⎝

p(0)0

p(0)1
...

p(0)N

⎞

⎟⎟⎟⎟⎠
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De Donder-Weyl方程式	

一般に独立でない	

一般に成立しない(スカラー場でだけ成立)。	共変解析力学		
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∂∂µψµ1···µp

(0.4)

L =
√
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p(1)κ(0) = O(ωτB) (0.9)

HS(t) =
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γb → cγ, γ′b → cγ′bͰෆมɻγ
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1
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L = L(ψ, dψ) (0.1)

δL = δψ ∧ ∂L
∂ψ

+ δdψ ∧ ∂L

∂dψ

= δψ ∧
(∂L
∂ψ
− (−1)pd ∂L

∂dψ

)
+ d
(
δψ ∧ ∂L

∂dψ

)
(0.2)

∂H

∂ψ
= −∂L

∂ψ
,

∂H

∂π
= (−1)(p+1)qdψ. (0.3)

dψ = (−1)(p+1)q ∂H

∂π
, dπ = −(−1)p∂H

∂ψ
. (0.4)

δH = dδψ ∧ π + dψ ∧ δπ − δL

= δdψ ∧ π + (−1)(p+1)qδπ ∧ dψ − δψ ∧ ∂L
∂ψ
− δdψ ∧ ∂L

∂dψ

= (−1)(p+1)qδπ ∧ dψ − δψ ∧ ∂L
∂ψ

(0.5)

∂L

∂ψ
− (−1)pd ∂L

∂dψ
= 0 (0.6)

πµ,µ1···µp def
=

∂L
∂∂µψµ1···µp

(0.7)

L =
√
−gL(ψµ1···µp , ∂µψµ1···µp), g = detgµν (0.8)

HDW(ψµ1···µp ,π
µ,µ1···µp)

def
= πµ,µ1···µp∂µψµ1···µp −L (0.9)

∂µψµ1···µp =
∂HDW

∂πµ,µ1···µp
, ∂µπ

µ,µ1···µp = − ∂HDW

∂ψµ1···µp

(0.10)

ω0 > µͰ͸มԽ͕খ͍͞

p(0) =

⎛

⎜⎜⎜⎜⎝

p(0)0

p(0)1
...

p(0)N

⎞

⎟⎟⎟⎟⎠
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π
def
=

∂L

∂dψ
(0.1)

L = L(ψ, dψ) = L
√
−gdx0 ∧ · · · ∧ dxD−1 (0.2)

δL = δψ ∧ ∂L
∂ψ

+ δdψ ∧ ∂L

∂dψ

= δψ ∧
(∂L
∂ψ
− (−1)pd ∂L

∂dψ

)
+ d
(
δψ ∧ ∂L

∂dψ

)
(0.3)

H
def
= dψ ∧ π − L (0.4)

∂H

∂ψ
= −∂L

∂ψ
,

∂H

∂π
= (−1)(p+1)qdψ. (0.5)

dψ = (−1)(p+1)q ∂H

∂π
, dπ = −(−1)p∂H

∂ψ
. (0.6)

δH = dδψ ∧ π + dψ ∧ δπ − δL
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def
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=
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(0.3)

H
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∂π
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∂ψ
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∂ψ
− δdψ ∧ ∂L

∂dψ
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∂ψ

(0.7)
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∂dψ
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πµ,µ1···µp def
=
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L =
√
−gL(ψµ1···µp , ∂µψµ1···µp), g = detgµν (0.10)
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def
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∂µψµ1···µp =
∂HDW

∂πµ,µ1···µp
, ∂µπ

µ,µ1···µp = − ∂HDW

∂ψµ1···µp

(0.12)

1

π
def
=

∂L

∂dψ
(0.1)
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δψ ∧ ∂L
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H(ψ,π)
def
= dψ ∧ π − L (0.4)
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δH = dδψ ∧ π + dψ ∧ δπ − δL

= δdψ ∧ π + (−1)(p+1)qδπ ∧ dψ − δψ ∧ ∂L
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1

微分形式が基本変数	

完全反対称	 完全反対称	
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オイラー・ラグランジュ方程式	

正準方程式[2,3,4]	

共役運動量	 Hamilton D-form (not (D-1)-form)	

定義	

ポアソン括弧[7]	
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場より質点の解析力学に近い	

2つの理論の関係	

　[5]で初めてDe Donder-Weyl theoryのポアソン括弧が導出された。	
これは共変解析力学のものと近いが異なる。後者のDirac括弧への	
拡張は見つかっていないが、前者の拡張は知られている[6]。	

	ポアソン括弧の量子化への応用可能性は不明である。	
しかし、I. V. Kanatchikovは、Dirac括弧に基づいたPrecanonical  
quantization を提案している[6]。	

(3)基本的な場の理論への応用		
電磁場[2,3,4]	

L = L(Aµ, ∂µAν) = −
1

4
FµνFµν +AµJ

µ (0.171)

πφ =
∂L

∂∂0A0
= 0 (0.172)

H
def
= dA ∧Π− L = H(A,Π) (0.173)

δL = δA ∧ ∂L
∂A

+ δdA ∧ ∂L

∂dA
(0.174)

Π
def
=

∂L

∂dA
= − ∗ F (0.175)

A = Aµdx
µ, F = dA =

1

2
Fµνdx

µ ∧ dxν , J = Jµdx
µ (0.176)

ω = ωµ1µ2···µpdx
µ1 ∧ dxµ2 ∧ · · · ∧ dxµp (0.177)

d ∗ F = − ∗ J
⇐⇒ ∂µF

µν = Jν

⇐⇒ ∇ · ε0E = ρ, ∇× B

µ0
− ∂

∂t
ε0E = i (0.178)

d ∗ F = − ∗ J
⇐⇒ ∇µF

µν = Jν

⇐⇒ ∇ · ε0E = ρ, ∇× B

µ0
− ∂

∂t
ε0E = i (0.179)

Eαβγδ ͸׬શ൓ରশςϯιϧͰɺE0123 =
√
−g.

∗ψ =
1

r!
E

µ1···µp
ν1···νr ψµ1···µpdx

ν1 ∧ · · · ∧ dxνr (0.180)

r = D − p

∗ω =
1

q!
E

µ1···µp
α1···αq ωµ1···µpdx

α1 ∧ · · · ∧ dxαq (0.181)
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A = Aµdx
µ, F = dA =

1

2
Fµνdx

µ ∧ dxν , J = ∗(Jµdxµ) (0.184)

ω = ωµ1µ2···µpdx
µ1 ∧ dxµ2 ∧ · · · ∧ dxµp (0.185)

d ∗ F = − ∗ J
⇐⇒ ∂µF

µν = Jν

⇐⇒ ∇ · ε0E = ρ, ∇× B

µ0
− ∂

∂t
ε0E = i (0.186)

d ∗ F = − ∗ J
⇐⇒ ∇µF

µν = Jν

⇐⇒ ∇ · ε0E = ρ, ∇× B

µ0
− ∂

∂t
ε0E = i (0.187)

Eαβγδ ͸׬શ൓ରশςϯιϧͰɺE0123 =
√
−g.

Eµ1···µD ͸׬શ൓ରশςϯιϧͰɺE0···D−1 =
√
−g.

∗ψ =
1

r!
E

µ1···µp
ν1···νr ψµ1···µpdx

ν1 ∧ · · · ∧ dxνr (0.188)

r = D − p

∗ω =
1

q!
E

µ1···µp
α1···αq ωµ1···µpdx

α1 ∧ · · · ∧ dxαq (0.189)

A = Aµdx
µ (0.190)

F = dA

= ∂µAνdx
µ ∧ dxν

=
1

2
(∂µAν − ∂νAµ)dx

µ ∧ dxν

=
1

2
Fµνdx

µ ∧ dxν (0.191)

dF = ddA = 0 (0.192)

⇐⇒ ∇ ·B = 0, ∇×E +
∂

∂t
B = 0 (0.193)
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∂L

∂Ψ
− (−1)pd ∂L

∂dΨ
= 0 (0.160)

dΨ = εp
∂H

∂Π
, dΠ = −(−1)p∂H

∂Ψ
(0.161)

εp =

{
−(−1)n for p = 0, 2, 4, · · ·
1 for p = 1, 3, · · ·

(0.162)

Fµν =

⎛

⎜⎜⎜⎝

0 −E1 −E2 −E3

E1 0 B3 −B2

E2 −B3 0 B1

E3 B2 −B1 0

⎞

⎟⎟⎟⎠
(0.163)

∗Fµν =
1

2
EµναβF

αβ

=

⎛

⎜⎜⎜⎝

0 −B1 −B2 −B3

B1 0 E3 −E2

B2 −E3 0 E1

B3 E2 −E1 0

⎞

⎟⎟⎟⎠
(0.164)

ηµν =

⎛

⎜⎜⎜⎝

−1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

⎞

⎟⎟⎟⎠
(0.165)

∗F =
1

2
∗Fµνdx

µ ∧ dxν (0.166)

F =
1

2
Fµνdx

µ ∧ dxν (0.167)

c = 1 (0.168)

c, µ0, ε0 = 1 (0.169)

L = L(A, dA) = −1

2
F ∧ ∗F + J ∧A (0.170)
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1

4
FµνFµν +AµJ

µ (0.171)

πφ =
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= 0 (0.172)
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def
= dA ∧Π− L = H(A,Π) (0.173)

δL = δA ∧ ∂L
∂A

+ δdA ∧ ∂L

∂dA
(0.174)

π
def
=

∂L

∂dA
= − ∗ F (0.175)

∂L

∂A
= −J, ∂L

∂dA
= − ∗ F (0.176)

∂L

∂A
+ d

∂L

∂dA
= 0 (0.177)

d ∗ F = −J (0.178)

dA = ∗π (0.179)

H(A,π) =
1

2
π ∧ ∗π − J ∧A. (0.180)

We have

∂H

∂π
= ∗π, ∂H

∂A
= J (0.181)

ਖ਼४ํఔࣜ

dA =
∂H

∂π
, dπ =

∂H

∂A
(0.182)

dA = ∗π , dπ = J. (0.183)
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オイラー・ラグランジュ方程式　　　　　　　　はMaxwell方程式　　　　　　　　を与える。	
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独立!	
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全て微分形式で書かれており、座標系に依らない。問題2も解決。正準方程式はゲージ共変。	

問題1は解決	
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4 Dirac field

4.1 Lagrange formalism

The Lagrange form of the Dirac field ψ is given by

LD(ψ, ψ̄, dψ, dψ̄) = −
1

2
ψ̄γce

c ∧ (dψ +
1

4
γabω

abψ) +
1

2
ec ∧ (dψ̄ − 1

4
ψ̄γabω

ab)γcψ −mψ̄ψΩ, (4.1)

with ψ̄ = iψ†γ0 and γab
def
= γ[aγb]. Here, γa is the gamma matrix, which satisfies γ(aγb) = ηab. (

) and [ ] are respectively the symmetrization and anti-symmetrization symbols. It is important
that the frame (vielbein) is necessary to write down the Lagrange form even in the flat space-
time. This is because that the Dirac field is a representation of the Lorentz transformation (not
of the coordinate transformation) and a spinor field is defined in the tangent Minkowski space.
The connection ωab is the gauge field for the local Lorentz transformations. Subtracting the total
differential term −1

2d(e
aψ̄γaψ) from (4.1), and using

γce
c ∧ 1

4
γabω

ab =
1

4
ec ∧ γabωabγc + ec ∧ 1

4
[γc, γab]ω

ab

=
1

4
ec ∧ γabωabγc + γaωaΩ, (4.2)

and (A.11), we obtain

L′
D(ψ, ψ̄, dψ, dψ̄) = −ψ̄γcec ∧ (d+

1

4
γabω

ab)ψ −mψ̄ψΩ− 1

2
Caψ̄γ

aψΩ. (4.3)

In the second line of (4.2), we used 1
4 [γc, γab] =

1
2(−ηbcγa+ηacγb) and eb∧ω b

a = ωaΩ. Ca is regarded
as independent of ψ and ψ̄. As we will show in (5.25), Ca = 0 is required. For simplicity, we treat
the Dirac field as a usual number (not the Grassmann number).

From the variation by ψ̄, we obtain

∂L′
D

∂ψ̄
= −γcec ∧ (d+

1

4
γabω

ab)ψ −mψΩ− 1

2
Caγ

aψΩ ,
∂L′

D

∂dψ̄
= 0. (4.4)

The Euler-Lagrange equation ∂L′
D/∂ψ̄ − d(∂L′

D/∂dψ̄) = 0 is given by

γce
c ∧ (d+

1

4
γabω

ab)ψ +mψΩ+
1

2
Caγ

aψΩ = 0. (4.5)

This is equivalent to the Dirac equation. From the variation by ψ, we obtain

∂L′
D

∂ψ
= −ψ̄γcec ∧

1

4
γabω

ab −mψ̄Ω− 1

2
Caψ̄γ

aΩ ,
∂L′

D

∂dψ
= ψ̄γae

a. (4.6)

The Euler-Lagrange equation ∂L′
D/∂ψ − d(∂L′

D/∂dψ) = 0 is

ψ̄γce
c ∧ 1

4
γabω

ab +mψ̄Ω+
1

2
Caψ̄γ

aΩ+ dψ̄ ∧ γaea + ψ̄γade
a = 0. (4.7)

Using (4.2) and (A.11), (4.7) becomes

(dψ̄ − 1

4
ψ̄γabω

ab) ∧ γcec +mψ̄Ω− 1

2
Caψ̄γ

aΩ = 0. (4.8)

This is the Hermitian conjugate of (4.5).
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四脚場(vielbein)	 ゲージ場(局所ローレンツ変換の)	
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π
def
=

∂L

∂dψ
(0.1)

γab = γ[aγb]

Lβ
D = −1 + β

2
ψ̄γce

c ∧ (dψ +
1

4
γabω

abψ) +
1− β
2

ec ∧ (dψ̄ − 1

4
ψ̄γabω

ab)γcψ −mψ̄ψΩ− β

2
Caψ̄γ

aψΩ

= L0
D +

β

2
d(eaψ̄γ

aψ)

Lβ
D = −1 + β

2
ψ̄γcθ

cµ(∂µψ +
1

4
γabω

ab
µψ) +

1− β
2

θcµ(∂µψ̄ −
1

4
ψ̄γabω

ab
µ)γcψ −mψ̄ψ − β

2
Caψ̄γ

aψ

ωab = ωab
µdx

µ = −ωba (0.2)

Ω =
√
−gdx0 ∧ · · · ∧ dxD−1 = ∗1 (0.3)

Θa = dθa + ωa
b ∧ θb =

1

2
Ca

bcθ
a ∧ θb, Ca = Cb

ab (0.4)

Πβ =
∂Lβ

D

∂dψ
=

1 + β

2
ψ̄γce

c, Π̄β =
∂Lβ

D

∂dψ̄
= −1− β

2
ecγcψ (0.5)

gµν = ηabθ
a
µθ

b
ν , ηab = gµνθaµθbν (0.6)

ηab = diag(−,+,+,+) (0.7)

ea = ∗θa, θa = θaµdx
µ (0.8)

{γa, γb} = 2ηab (0.9)

L = L(ψ, dψ) = L
√
−gdx0 ∧ · · · ∧ dxD−1 (0.10)

D − p− 1 ≡ q-form

p = 0, 1, · · · , D − 1

1

共役運動量	

3-formを作るのに1-form θa(四脚場)が必要 

重力場[7]	
従来の解析力学では、時空を(3+1)分解し、計量を位置変数と考える。 
この結果、第1種拘束系となり、ゲージ固定(座標系の制限)が必要となる。	

共変解析力学では(3+1)分解は不要。非拘束系となり、ゲージ固定も不要。	
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この項を引かないと扱えない。	
高次曲率項は扱えない。	
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And the Euler-Lagrange equation ∂L(1)/∂θc + d(∂L(1)/∂dθc) = 0 is

− 1

2κ
eabc ∧ Ωab = ∗Tc, (45)

which leads the Einstein equation

Ra
b −

1

2
Rδab = κT a

b .

We will discuss about (44) in ː VB.

The conjugate momentum forms of θa and ωab are respectively π(1)
a = 0 and pab = eab/2κ. The Hamilton form is

H(1)(θ,ω,π(1), p) = dθa ∧ π(1)
a + dωab ∧ pab − L(1) = H(1)

G − Lmat, (46)

with

H(1)
G =

N

2κ
, N

def
= eba ∧ ωa

c ∧ ωc
b. (47)

We have ∗R = eab ∧ dωab − N . Because this treatment is a constrained system, we need to introduce the Lagrange
multiplier forms as

H(1)
G,tot(θ,ω,π

(1), p;U, V ) =
N

2κ
+ Ua ∧ π(1)

a + V ab ∧
(
pab −

eab
2κ

)
, (48)

where, Ua and V ab are the Lagrange multiplier forms. Using this Hamilton form, we can derive (44) and (45). In
Ref.[3], corresponding treatment of the De Donder-Weyl theory was studied.
The start point of Nester is different from us11,12. For wide class of the gravitation theories, Nester started from

L(1)
G = (dθa + ωa

b ∧ θb) ∧ π(1)
a + (dωab + ωa

c ∧ ωcb) ∧ pab − Λ(θ,ω,π(1), p). (49)

Here, Λ corresponds to the Hamilton form which is given by a hand depending on the theory. So, Nester’s approach
was not complete Hamilton formalism. In present theory, Λ is given by11

Λ = Ua ∧ π(1)
a + V ab ∧

(
pab −

eab
2κ

)
, (50)

which corresponds to the Lagrange multiplier terms of (48).

B. Lagrange formalism

In the second order formalism, the Lagrange form is different from L(1):
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Here, LG is the Lagrange form for the pure gravity given by
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= ∗R− d(eab ∧ ωab), (52)

and Lmat(θ, dθ) = Lmat(θ,ω(θ, dθ)). ωab = ωab(θ, dθ) is the connection as a function of θa and dθa. The variation is
given by
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We suppose that the last term vanishes:
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∂ωab
= 0. (54)

0だと仮定。	
この要請は1階形式(θとωが独立変数)	
のωのオイラー・ラグランジュと一致	
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ψ̄γce

c ∧ 1

4
γabω

abψ +
1− β
2

ec ∧ 1

4
ψ̄γabω

abγcψ +
β

2
Caψ̄γ

aψΩ+mψ̄ψΩ (0.12)

1

ΦΠϥʔɾϥάϥϯδϡํఔࣜ ∂L/∂θc + d(∂L/∂dθc) = 0͸ɺ

− 1

2κ
eabc ∧ Ωab = ∗Tc ⇐⇒ Ra

b −
1

2
Rδab = κT a

b

Ta = Tabθb

Ωa
b = dωa

b + ωa
c ∧ ωc

b =
1

2
Ra

bcdθ
c ∧ θd (0.1)

Rab = Rc
acb, R = Ra

a.

δLmat(θ,ω(θ, dθ)) = −δθa ∧ ∗Ta + δωab(θ, dθ) ∧ ∂Lmat

∂ωab
. (0.2)

In the second order formalism, the Lagrange form is different from L(1):

L(θ, dθ) = LG(θ, dθ)+ = Lmat(θ,ω(θ, dθ)), (0.3)

Here, LG is the Lagrange form for the pure gravity given by

LG(θ, dθ) =
1

2κ
N ′, N ′ def= ∗R− d(eab ∧ ωab). (0.4)

Hβ
D,totΑΓɺDiracํఔࣜ

γce
c ∧ (d+

1

4
γabω

ab)ψ +mψΩ+
1

2
Caγ

aψΩ = 0, (0.5)

(dψ̄ − 1

4
ψ̄γabω

ab) ∧ γcec +mψ̄Ω− 1

2
Caψ̄γ

aΩ = 0 (0.6)

Hβ
Dͷಠཱม਺Λ ψ, ψ̄ͷΈͩͱͯͬࢥม෼ΛऔΔͱɺ

dψ̄ ∧ ∂Π̄
∂ψ
− dΠ =

∂Hβ
D

∂ψ
, (0.7)

dψ ∧ ∂Π
∂ψ̄
− dΠ̄ =

∂Hβ
D

∂ψ̄
(0.8)

π
def
=

∂L

∂dψ
(0.9)

Πβ Λಠཱͱ͏ࢥͱɺdψ = −∂Hβ
D/∂Π

β
∣∣
β=1
͸ํͨͬޡఔࣜ

dψ +
1

4
γabω

abψ +m
γa
D
θaψ +

1

2
Caθ

aψ = 0 (0.10)

Hβ
D,tot = Hβ

D +
[
Π− 1 + β

2
ψ̄γce

c
]
∧ λ+ λ̄ ∧

[
Π̄+

1− β
2

ecγcψ
]

(0.11)

Hβ
D =

1 + β

2
ψ̄γce

c ∧ 1

4
γabω

abψ +
1− β
2

ec ∧ 1

4
ψ̄γabω

abγcψ +
β

2
Caψ̄γ

aψΩ+mψ̄ψΩ (0.12)

1

共役運動量	

9

Substituting (54) to the first line, we obtain N ′ = N − 2κωab ∧ ∂Lmat

∂ωab . Comparing this to the second line, we obtain

ωab ∧ ∂Lmat

∂ωab
= − 1

2κ
Θa ∧ eabc ∧ ωbc. (62)

Kaminaga10 used LG = 1
2κN . Because of absence of the Dirac field, this coincides our Lagrange form. If the Dirac

field exists, 1
2κN is not proper. By the way, N can be rewritten as

N = dθa ∧ 1

2
eabc ∧ ωbc −Θa ∧ 1

2
eabc ∧ ωbc. (63)

Here, we used dθa −Θa = −ωa
b ∧ θb and θb ∧ eabc = −2eca derived from (A1) and the definition of N , (47).

C. Hamilton formalism

The conjugate momentum form of θa is given by

πa =
1

2κ
eabc ∧ ωbc, (64)

and the Hamilton form is given by

H(θ,π) = dθa ∧ πa − L = HG(θ,π)− Lmat(θ,π), (65)

with

HG(θ,π) =
N

2κ
. (66)

Here, we used (61) and (63). Although LG ̸= L(1)
G , HG = H(1)

G holds. In Ref.[10], HG = LG was satisfied since Θa = 0.
Although the Lagrange form of the pure gravity is different from Ref.[10], the Hamilton form is the same except for
that ωa

b was the Levi-Cività connection in Ref.[10]. In ː VD, we represent N by θa and πa and takes derivatives by
these. Since the torsion Cabc is represented by the Dirac field, it is independent of θa and πa. Then, Θa = 1

2C
a
bcθ

b∧θc
is independent of πa, however, is a function of θa.
The canonical equation for θa is dθa = 1

2κ
∂N
∂πa
− ∂Lmat

∂πa
. In RHS, the second term can be rewritten as

−∂Lmat

∂πa
= − ∂

∂πa

[
ωab ∧ ∂Lmat

∂ωab

]
=

∂

∂πa
[Θa ∧ πa] = Θa. (67)

Here, we used (62). Then, the canonical equation becomes

dθa =
1

2κ

∂N

∂πa
+Θa. (68)

The canonical equation for πa is

dπa =
∂H

∂θa
=

1

2κ

∂N

∂θa
− ∂Lmat

∂θa
. (69)

We will show

∂N

∂θc
= eabc ∧ ωad ∧ ω b

d + (ωd
a ∧ edbc + ωd

b ∧ eadc + ωd
c ∧ eabd) ∧ ωab, (70)

in ː VE using the methods of Ref.[10]. The above equation is equivalent to

∂N

∂θc
= eabc ∧ Ωab + d(eabc ∧ ωab) + 2κAc,ab ∧ ωab,

because of (A9). Here, Ac,ab
def
= 1

2κ [ω̃
d
a ∧ edbc + ω̃d

b ∧ eadc + ω̃d
c ∧ eabd]. Introducing

tc
def
=

∂Lmat(θ,π)

∂θc
+ ∗Tc =

∂Lmat(θ,π)

∂θc
− ∂Lmat(θ,ω)

∂θc
, (71)

ΦΠϥʔɾϥάϥϯδϡํఔࣜ ∂L/∂θc + d(∂L/∂dθc) = 0͸ɺ

− 1

2κ
eabc ∧ Ωab = ∗Tc ⇐⇒ Ra

b −
1

2
Rδab = κT a

b

Ta = Tabθb

H(θ,π) = dθa ∧ πa − L = HG(θ,π)− Lmat(θ,ω(θ,π)), (0.1)

with

HG(θ,π) =
D − 3

D − 2
(dθa −Θa) ∧ πa (0.2)

Ωa
b = dωa

b + ωa
c ∧ ωc

b =
1

2
Ra

bcdθ
c ∧ θd (0.3)

Rab = Rc
acb, R = Ra

a.

δLmat(θ,ω(θ, dθ)) = −δθa ∧ ∗Ta + δωab(θ, dθ) ∧ ∂Lmat

∂ωab
. (0.4)

In the second order formalism, the Lagrange form is different from L(1):

L(θ, dθ) = LG(θ, dθ)+ = Lmat(θ,ω(θ, dθ)), (0.5)

Here, LG is the Lagrange form for the pure gravity given by

LG(θ, dθ) =
1

2κ
N ′, N ′ def= ∗R− d(eab ∧ ωab). (0.6)

Hβ
D,totΑΓɺDiracํఔࣜ

γce
c ∧ (d+

1

4
γabω

ab)ψ +mψΩ+
1

2
Caγ

aψΩ = 0, (0.7)

(dψ̄ − 1

4
ψ̄γabω

ab) ∧ γcec +mψ̄Ω− 1

2
Caψ̄γ

aΩ = 0 (0.8)

Hβ
Dͷಠཱม਺Λ ψ, ψ̄ͷΈͩͱͯͬࢥม෼ΛऔΔͱɺ

dψ̄ ∧ ∂Π̄
∂ψ
− dΠ =

∂Hβ
D

∂ψ
, (0.9)

dψ ∧ ∂Π
∂ψ̄
− dΠ̄ =

∂Hβ
D

∂ψ̄
(0.10)

π
def
=

∂L

∂dψ
(0.11)

Πβ Λಠཱͱ͏ࢥͱɺdψ = −∂Hβ
D/∂Π

β
∣∣
β=1
͸ํͨͬޡఔࣜ

dψ +
1

4
γabω

abψ +m
γa
D
θaψ +

1

2
Caθ

aψ = 0 (0.12)

1

ΦΠϥʔɾϥάϥϯδϡํఔࣜ ∂L/∂θc + d(∂L/∂dθc) = 0͸ɺ

− 1

2κ
eabc ∧ Ωab = ∗Tc ⇐⇒ Ra

b −
1

2
Rδab = κT a

b

Ta = Tabθb

H(θ,π) = dθa ∧ πa − L = HG(θ,π)− Lmat(θ,ω(θ,π)), (0.1)

with

HG(θ,π) =
D − 3

D − 2
(dθa −Θa) ∧ πa (0.2)

Ωa
b = dωa

b + ωa
c ∧ ωc

b =
1

2
Ra

bcdθ
c ∧ θd (0.3)

Rab = Rc
acb, R = Ra

a.

δLmat(θ,ω(θ, dθ)) = −δθa ∧ ∗Ta + δωab(θ, dθ) ∧ ∂Lmat

∂ωab
. (0.4)

In the second order formalism, the Lagrange form is different from L(1):

L(θ, dθ) = LG(θ, dθ)+ = Lmat(θ,ω(θ, dθ)), (0.5)

Here, LG is the Lagrange form for the pure gravity given by

LG(θ, dθ) =
1

2κ
N ′, N ′ def= ∗R− d(eab ∧ ωab). (0.6)

Hβ
D,totΑΓɺDiracํఔࣜ

γce
c ∧ (d+

1

4
γabω

ab)ψ +mψΩ+
1

2
Caγ

aψΩ = 0, (0.7)

(dψ̄ − 1

4
ψ̄γabω

ab) ∧ γcec +mψ̄Ω− 1

2
Caψ̄γ

aΩ = 0 (0.8)

Hβ
Dͷಠཱม਺Λ ψ, ψ̄ͷΈͩͱͯͬࢥม෼ΛऔΔͱɺ

dψ̄ ∧ ∂Π̄
∂ψ
− dΠ =

∂Hβ
D

∂ψ
, (0.9)

dψ ∧ ∂Π
∂ψ̄
− dΠ̄ =

∂Hβ
D

∂ψ̄
(0.10)

π
def
=

∂L

∂dψ
(0.11)

Πβ Λಠཱͱ͏ࢥͱɺdψ = −∂Hβ
D/∂Π

β
∣∣
β=1
͸ํͨͬޡఔࣜ

dψ +
1

4
γabω

abψ +m
γa
D
θaψ +

1

2
Caθ

aψ = 0 (0.12)

1

ΦΠϥʔɾϥάϥϯδϡํఔࣜ ∂L/∂θc + d(∂L/∂dθc) = 0͸ɺ

− 1

2κ
eabc ∧ Ωab = ∗Tc ⇐⇒ Ra

b −
1

2
Rδab = κT a

b

Ta = Tabθb

H(θ,π) = dθa ∧ πa − L = HG(θ,π)− Lmat(θ,ω(θ,π)), (0.1)

with

HG(θ,π) =
D − 3

D − 2
(dθa −Θa) ∧ πa (0.2)

eab = ∗(θa ∧ θb), eabc = ∗(θa ∧ θb ∧ θc) (0.3)

dθa −Θa =
κ

4
Eabnm ∗ pmcnθ

c ∧ θb, pabc = πb ∧ eac + πa ∧ ebc + πc ∧ eab (0.4)

Ωa
b = dωa

b + ωa
c ∧ ωc

b =
1

2
Ra

bcdθ
c ∧ θd (0.5)

Rab = Rc
acb, R = Ra

a.

δLmat(θ,ω(θ, dθ)) = −δθa ∧ ∗Ta + δωab(θ, dθ) ∧ ∂Lmat

∂ωab
. (0.6)

In the second order formalism, the Lagrange form is different from L(1):

L(θ, dθ) = LG(θ, dθ)+ = Lmat(θ,ω(θ, dθ)), (0.7)

Here, LG is the Lagrange form for the pure gravity given by

LG(θ, dθ) =
1

2κ
N ′, N ′ def= ∗R− d(eab ∧ ωab). (0.8)

Hβ
D,totΑΓɺDiracํఔࣜ

γce
c ∧ (d+

1

4
γabω

ab)ψ +mψΩ+
1

2
Caγ

aψΩ = 0, (0.9)

(dψ̄ − 1

4
ψ̄γabω

ab) ∧ γcec +mψ̄Ω− 1

2
Caψ̄γ

aΩ = 0 (0.10)

Hβ
Dͷಠཱม਺Λ ψ, ψ̄ͷΈͩͱͯͬࢥม෼ΛऔΔͱɺ

dψ̄ ∧ ∂Π̄
∂ψ
− dΠ =

∂Hβ
D

∂ψ
, (0.11)

dψ ∧ ∂Π
∂ψ̄
− dΠ̄ =

∂Hβ
D

∂ψ̄
(0.12)

1

D=4では、	

ΦΠϥʔɾϥάϥϯδϡํఔࣜ ∂L/∂θc + d(∂L/∂dθc) = 0͸ɺ

− 1

2κ
eabc ∧ Ωab = ∗Tc ⇐⇒ Ra

b −
1

2
Rδab = κT a

b

Ta = Tabθb

H(θ,π) = dθa ∧ πa − L = HG(θ,π)− Lmat(θ,ω(θ,π)), (0.1)

with

HG(θ,π) =
D − 3

D − 2
(dθa −Θa) ∧ πa (0.2)

eab = ∗(θa ∧ θb), eabc = ∗(θa ∧ θb ∧ θc) (0.3)

ωab = −κ
4
Eabnm ∗ pmcnθ

c, dθa −Θa =
κ

4
Eabnm ∗ pmcnθ

c ∧ θb, (0.4)

pabc = πb ∧ eac + πa ∧ ebc + πc ∧ eab (0.5)

Ωa
b = dωa

b + ωa
c ∧ ωc

b =
1

2
Ra

bcdθ
c ∧ θd (0.6)

Rab = Rc
acb, R = Ra

a.

δLmat(θ,ω(θ, dθ)) = −δθa ∧ ∗Ta + δωab(θ, dθ) ∧ ∂Lmat

∂ωab
. (0.7)

In the second order formalism, the Lagrange form is different from L(1):

L(θ, dθ) = LG(θ, dθ)+ = Lmat(θ,ω(θ, dθ)), (0.8)

Here, LG is the Lagrange form for the pure gravity given by

LG(θ, dθ) =
1

2κ
N ′, N ′ def= ∗R− d(eab ∧ ωab). (0.9)

Hβ
D,totΑΓɺDiracํఔࣜ

γce
c ∧ (d+

1

4
γabω

ab)ψ +mψΩ+
1

2
Caγ

aψΩ = 0, (0.10)

(dψ̄ − 1

4
ψ̄γabω

ab) ∧ γcec +mψ̄Ω− 1

2
Caψ̄γ

aΩ = 0 (0.11)

Hβ
Dͷಠཱม਺Λ ψ, ψ̄ͷΈͩͱͯͬࢥม෼ΛऔΔͱɺ

dψ̄ ∧ ∂Π̄
∂ψ
− dΠ =

∂Hβ
D

∂ψ
, (0.12)

dψ ∧ ∂Π
∂ψ̄
− dΠ̄ =

∂Hβ
D

∂ψ̄
(0.13)

1

ΦΠϥʔɾϥάϥϯδϡํఔࣜ ∂L/∂θc + d(∂L/∂dθc) = 0͸ɺ

− 1

2κ
eabc ∧ Ωab = ∗Tc ⇐⇒ Ra

b −
1

2
Rδab = κT a

b

Ta = Tabθb

H(θ,π) = dθa ∧ πa − L = HG(θ,π)− Lmat(θ,ω(θ,π)), (0.1)

with

HG(θ,π) =
D − 3

D − 2
(dθa −Θa) ∧ πa (0.2)

eab = ∗(θa ∧ θb), eabc = ∗(θa ∧ θb ∧ θc) (0.3)

ωab = −κ
4
Eabnm ∗ pmcnθ

c, dθa −Θa =
κ

4
Eabnm ∗ pmcnθ

c ∧ θb, (0.4)

pabc = πb ∧ eac + πa ∧ ebc + πc ∧ eab (0.5)

Ωa
b = dωa

b + ωa
c ∧ ωc

b =
1

2
Ra

bcdθ
c ∧ θd (0.6)

Rab = Rc
acb, R = Ra

a.

δLmat(θ,ω(θ, dθ)) = −δθa ∧ ∗Ta + δωab(θ, dθ) ∧ ∂Lmat

∂ωab
. (0.7)

In the second order formalism, the Lagrange form is different from L(1):

L(θ, dθ) = LG(θ, dθ)+ = Lmat(θ,ω(θ, dθ)), (0.8)

Here, LG is the Lagrange form for the pure gravity given by

LG(θ, dθ) =
1

2κ
N ′, N ′ def= ∗R− d(eab ∧ ωab). (0.9)

Hβ
D,totΑΓɺDiracํఔࣜ

γce
c ∧ (d+

1

4
γabω

ab)ψ +mψΩ+
1

2
Caγ

aψΩ = 0, (0.10)

(dψ̄ − 1

4
ψ̄γabω

ab) ∧ γcec +mψ̄Ω− 1

2
Caψ̄γ

aΩ = 0 (0.11)

Hβ
Dͷಠཱม਺Λ ψ, ψ̄ͷΈͩͱͯͬࢥม෼ΛऔΔͱɺ

dψ̄ ∧ ∂Π̄
∂ψ
− dΠ =

∂Hβ
D

∂ψ
, (0.12)

dψ ∧ ∂Π
∂ψ̄
− dΠ̄ =

∂Hβ
D

∂ψ̄
(0.13)

1

dθa = ∂H/∂πa͸ɺπaͷఆٛͱ౳Ձͳ͜ͷࣜͱͳΔɻ
dπa = ∂H/∂θa͸ɺΦΠϥʔɾϥάϥϯδϡํఔࣜͱ౳ՁʹͳΔɻ
ΦΠϥʔɾϥάϥϯδϡํఔࣜ ∂L/∂θc + d(∂L/∂dθc) = 0͸ɺ

− 1

2κ
eabc ∧ Ωab = ∗Tc ⇐⇒ Ra

b −
1

2
Rδab = κT a

b

Ta = Tabθb

H(θ,π) = dθa ∧ πa − L = HG(θ,π)− Lmat(θ,ω(θ,π)), (0.1)

with

HG(θ,π) =
D − 3

D − 2
(dθa −Θa) ∧ πa (0.2)

eab = ∗(θa ∧ θb), eabc = ∗(θa ∧ θb ∧ θc) (0.3)

ωab = −κ
4
Eabnm ∗ pmcnθ

c, dθa −Θa =
κ

4
Eabnm ∗ pmcnθ

c ∧ θb, (0.4)

pabc = πb ∧ eac + πa ∧ ebc + πc ∧ eab (0.5)

Ωa
b = dωa

b + ωa
c ∧ ωc

b =
1

2
Ra

bcdθ
c ∧ θd (0.6)

Rab = Rc
acb, R = Ra

a.

δLmat(θ,ω(θ, dθ)) = −δθa ∧ ∗Ta + δωab(θ, dθ) ∧ ∂Lmat

∂ωab
. (0.7)

In the second order formalism, the Lagrange form is different from L(1):

L(θ, dθ) = LG(θ, dθ)+ = Lmat(θ,ω(θ, dθ)), (0.8)

Here, LG is the Lagrange form for the pure gravity given by

LG(θ, dθ) =
1

2κ
N ′, N ′ def= ∗R− d(eab ∧ ωab). (0.9)

Hβ
D,totΑΓɺDiracํఔࣜ

γce
c ∧ (d+

1

4
γabω

ab)ψ +mψΩ+
1

2
Caγ

aψΩ = 0, (0.10)

(dψ̄ − 1

4
ψ̄γabω

ab) ∧ γcec +mψ̄Ω− 1

2
Caψ̄γ

aΩ = 0 (0.11)

1

dθa = ∂H/∂πa͸ɺπaͷఆٛͱ౳Ձͳ͜ͷࣜͱͳΔɻ
dπa = ∂H/∂θa͸ɺΦΠϥʔɾϥάϥϯδϡํఔࣜͱ౳ՁʹͳΔɻ
ΦΠϥʔɾϥάϥϯδϡํఔࣜ ∂L/∂θc + d(∂L/∂dθc) = 0͸ɺ

− 1

2κ
eabc ∧ Ωab = ∗Tc ⇐⇒ Ra

b −
1

2
Rδab = κT a

b

Ta = Tabθb

H(θ,π) = dθa ∧ πa − L = HG(θ,π)− Lmat(θ,ω(θ,π)), (0.1)

with

HG(θ,π) =
D − 3

D − 2
(dθa −Θa) ∧ πa (0.2)

eab = ∗(θa ∧ θb), eabc = ∗(θa ∧ θb ∧ θc) (0.3)

ωab = −κ
4
Eabnm ∗ pmcnθ

c, dθa −Θa =
κ

4
Eabnm ∗ pmcnθ

c ∧ θb, (0.4)

pabc = πb ∧ eac + πa ∧ ebc + πc ∧ eab (0.5)

Ωa
b = dωa

b + ωa
c ∧ ωc

b =
1

2
Ra

bcdθ
c ∧ θd (0.6)

Rab = Rc
acb, R = Ra

a.

δLmat(θ,ω(θ, dθ)) = −δθa ∧ ∗Ta + δωab(θ, dθ) ∧ ∂Lmat

∂ωab
. (0.7)

In the second order formalism, the Lagrange form is different from L(1):

L(θ, dθ) = LG(θ, dθ)+ = Lmat(θ,ω(θ, dθ)), (0.8)

Here, LG is the Lagrange form for the pure gravity given by

LG(θ, dθ) =
1

2κ
N ′, N ′ def= ∗R− d(eab ∧ ωab). (0.9)

Hβ
D,totΑΓɺDiracํఔࣜ

γce
c ∧ (d+

1

4
γabω

ab)ψ +mψΩ+
1

2
Caγ

aψΩ = 0, (0.10)

(dψ̄ − 1

4
ψ̄γabω

ab) ∧ γcec +mψ̄Ω− 1

2
Caψ̄γ

aΩ = 0 (0.11)

1

	現状では、D=4でのみ正準方程式 
が求められている。 
(ωabをπaで表すのが難しい)	

dθa = ∂H/∂πa͸ɺπaͷఆٛͱ౳Ձͳ͜ͷࣜͱͳΔɻ
dπa = ∂H/∂θa͸ɺΦΠϥʔɾϥάϥϯδϡํఔࣜͱ౳ՁʹͳΔɻ
ΦΠϥʔɾϥάϥϯδϡํఔࣜ ∂L/∂θc + d(∂L/∂dθc) = 0͸ɺ

− 1

2κ
eabc ∧ Ωab = ∗Tc ⇐⇒ Ra

b −
1

2
Rδab = κT a

b

Ta = Tabθb

H(θ,π) = dθa ∧ πa − L = HG(θ,π)− Lmat(θ,ω(θ,π)), (0.1)

with

HG(θ,π) =
D − 3

D − 2
(dθa −Θa) ∧ πa (0.2)

eab = ∗(θa ∧ θb), eabc = ∗(θa ∧ θb ∧ θc) (0.3)

ωab = −κ
4
Eabnm ∗ pmcnθ

c, dθa −Θa =
κ

4
Eabnm ∗ pmcnθ

c ∧ θb, (0.4)

pabc = πb ∧ eac + πa ∧ ebc + πc ∧ eab (0.5)

Ωa
b = dωa

b + ωa
c ∧ ωc

b =
1

2
Ra

bcdθ
c ∧ θd (0.6)

Rab = Rc
acb, R = Ra

a.

δLmat(θ,ω(θ, dθ)) = −δθa ∧ ∗Ta + δωab(θ, dθ) ∧ ∂Lmat

∂ωab
. (0.7)

In the second order formalism, the Lagrange form is different from L(1):

L(θ, dθ) = LG(θ, dθ) + Lmat(θ,ω(θ, dθ)), (0.8)

Here, LG is the Lagrange form for the pure gravity given by

LG(θ, dθ) =
1

2κ
N ′, N ′ def= ∗R− d(eab ∧ ωab). (0.9)

Hβ
D,totΑΓɺDiracํఔࣜ

γce
c ∧ (d+

1

4
γabω

ab)ψ +mψΩ+
1

2
Caγ

aψΩ = 0, (0.10)

(dψ̄ − 1

4
ψ̄γabω

ab) ∧ γcec +mψ̄Ω− 1

2
Caψ̄γ

aΩ = 0 (0.11)

1

Hβ
Dͷಠཱม਺Λ ψ, ψ̄ͷΈͩͱͯͬࢥม෼ΛऔΔͱɺ

dψ̄ ∧ ∂Π̄
β

∂ψ
− dΠβ =

∂Hβ
D

∂ψ
, (0.12)

dψ ∧ ∂Π
β

∂ψ̄
− dΠ̄β =

∂Hβ
D

∂ψ̄
(0.13)

π
def
=

∂L

∂dψ
(0.14)

Πβ Λಠཱͱ͏ࢥͱɺdψ = −∂Hβ
D/∂Π

β
∣∣
β=1
͸ํͨͬޡఔࣜ

dψ +
1

4
γabω

abψ +m
γa
D
θaψ +

1

2
Caθ

aψ = 0 (0.15)

Hβ
D,tot = Hβ

D +
[
Π− 1 + β

2
ψ̄γce

c
]
∧ λ+ λ̄ ∧

[
Π̄+

1− β
2

ecγcψ
]

(0.16)

Hβ
D =

1 + β

2
ψ̄γce

c ∧ 1

4
γabω

abψ +
1− β
2

ec ∧ 1

4
ψ̄γabω

abγcψ +
β

2
Caψ̄γ

aψΩ+mψ̄ψΩ (0.17)

γab = γ[aγb]

Lβ
D = −1 + β

2
ψ̄γce

c ∧ (dψ +
1

4
γabω

abψ) +
1− β
2

ec ∧ (dψ̄ − 1

4
ψ̄γabω

ab)γcψ −mψ̄ψΩ− β

2
Caψ̄γ

aψΩ

= L0
D +

β

2
d(eaψ̄γ

aψ)

Lβ
D = −1 + β

2
ψ̄γcθ

cµ(∂µψ +
1

4
γabω

ab
µψ) +

1− β
2

θcµ(∂µψ̄ −
1

4
ψ̄γabω

ab
µ)γcψ −mψ̄ψ − β

2
Caψ̄γ

aψ

ωab = ωab
µdx

µ = −ωba (0.18)

Ω =
√
−gdx0 ∧ · · · ∧ dxD−1 = ∗1 (0.19)

Θa = dθa + ωa
b ∧ θb =

1

2
Ca

bcθ
b ∧ θc, Ca = Cb

ab (0.20)

Πβ =
∂Lβ

D

∂dψ
=

1 + β

2
ψ̄γce

c, Π̄β =
∂Lβ

D

∂dψ̄
= −1− β

2
ecγcψ (0.21)

gµν = ηabθ
a
µθ

b
ν , ηab = gµνθaµθbν (0.22)
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