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Qubit & Pauli matrices

(1.1)

(1.2)

P qubit:
¥) = |0) + 6[1)

» Pauli matrices:

x=(Vo)z=(o ) v=(7 7)

N

eg) X|0)=11) X|1)=10) (bit-flip) Y =iXZ

Z|0) =10) Z|1) = —|1) (phase-flip)

Y|0) =i|1) Y1) = —i|0) (bit&phase-flip + global phase)

note) |0),|1) are eigenstates of Z.

+) = (]0) £ |1))/V2 are eigenstates of X.



Pauli group

(1.3)

» n-qubit Pauli products:
{41,440} x {I,X,Y, Z}°"

which forms so-called Pauli group P, .

eg) 2-qubit Pauli group:
{ILIX,IY IZ, XTI, XX, XY XZYI.YX)YYYZ ZI,ZX,ZY,ZZ} x{1,-1,i,—1}

(where AB = A ® B)



Single-qubit Clifford gates

(1.4)

(1.5)

(1.6)

» Clifford operations:= &= 1FH

Pauli products ICE9 1 =4 —&EE

A UAU" = B
M M
P P

1

» Hadamard gate H: H = — ( b )

/21 1
HXH=2, HZH=X

eg) H|0) = |+), H|1) =|-)

» Phase gate S: S:<1 Q)

0 =2

SXST=Y, SYST =X, §ZS =27

(conjugation) % & T, Pauli products %



Two-qubit Clifford gates

(1.7)

(1.8)

» CNOT gate:
Ucnor = [0)(0]c @ Iy + |1) (1], ® X
Ucnot(Xe ® It )Uonor = X ® X, o
Ucnor(le ® X¢)Uonor = I ® X,
Ucnotr(Ze @ It )Ucnor =  Z:® I, T
Ucnor(e ® Zy)Ucnor = Zc ® Z, L/

» CZ gate:
Ucz = |0)(0]c @ Iy + |1) (1] ® Z
Ucz (X @ It)Ucz = X ® Z,
Ucz(l. @ Xi)Ucz = Z.® X,
Ucz(Z. @ It))Ucz = Z.® I,
Ucz(Ic ® Zy)Ucz = 1. ® Z



Two-qubit Clifford gates

(1.7)

(1.8)

» CNOT gate:
Ucnor = [0)(0]c @ Iy + |1) (1], ® X
Ucnor(Xe ® 1) = (Xe® X¢)UcnoT ®
Ucnvor(le ® Xy) = (L. ® Xi)UcnoT,
Ucnor(Ze @ 1) = (Ze® It)Ucnor, T
Ucnor(le ® Zy) = (Z:. ® Zy)UcnoT L/

» CZ gate
Ucz = |0)(0]c @ Iy + |1) (1] ® Z
Ucz (X @ It)Ucz = X ® Z,
Ucz(l. @ Xi)Ucz = Z.® X,
Ucz(Z. @ It))Ucz = Z.® I,
Ucz(Ic ® Zy)Ucz = 1. ® Z



Two-qubit Clifford gates

(1.7)

(1.8)

» CNOT gate:
Ucnot = |0){0]c @ Iy + |1) (1] ® Xy

N
%
~
o
Z
@)
%
AR
N

» CZ gate
Ucz = |0)(0]c @ Iy + |1) (1] ® Z
Ucz (X @ It)Ucz = X ® Z,
Ucz(l. @ Xi)Ucz = Z.® X,
Ucz(Z. @ It))Ucz = Z.® I,
Ucz(Ic ® Zy)Ucz = 1. ® Z



Two-qubit Clifford gates

(1.7)

(1.8)

» CNOT gate:
Ucnot = |0){0]c @ Iy + |1) (1] ® Xy

» CZ gate
Ucz = |0)(0]c @ Iy + |1) (1] ® Z
Ucz (X @ It)Ucz = X ® Z,
Ucz(l. @ Xi)Ucz = Z.® X,
Ucz(Z. @ It))Ucz = Z.® I,
Ucz(Ic ® Zy)Ucz = 1.® Z;



Two-qubit Clifford gates

(1.7)

(1.8)

» CNOT gate:
Ucnot = |0){0]c @ Iy + |1) (1] ® Xy

» CZ gate
Ucz = |0)(0]c @ Iy + |1) (1] ® Z
Ucz (X @ It)Ucz = X ® Z,
Ucz(l. @ Xi)Ucz = Z.® X,
Ucz(Z. @ It))Ucz = Z.® I,
Ucz(Ic ® Zy)Ucz = 1.® Z;



Two-qubit Clifford gates

(1.7)

(1.8)

» CNOT gate:
Ucnot = |0){0]c @ Iy + |1) (1] ® Xy

» CZ gate
Ucz = |0)(0]c @ Iy + |1) (1] ® Z
Ucz (X @ It)Ucz = X ® Z,
Ucz(l. @ Xi)Ucz = Z.® X,
Ucz(Z. @ It))Ucz = Z.® I,
Ucz(Ic ® Zy)Ucz = 1.® Z;



Two-qubit Clifford gates

(1.7)

(1.8)

» CNOT gate:

Ucnot = [0){0]c ® Iy + 1) (1] ® X;

Xe ® Zy,
Ze ® Xy,
Ze ® I,
I. ® Zy

X—>X




Two-qubit Clifford gates

(1.7)

(1.8)

» CNOT gate:

Ucnot = [0){0]c ® Iy + 1) (1] ® X;

Xe ® Zy,
Ze ® Xy,
Ze ® I,
I. ® Zy

X—>X
- Z

— —°

X » X
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Stabilizer group

(1.9)| » Stabilizer group S = {S:} := Pauli group D EI{AER5EE
[S’iv Sj] =0

eg) {IZ,XI,II,XZ} <«<— no overlap

eg) {II,XX,ZZ,-YY} «— even overlap
[ A[#fax 2 =7] £

AN
M.

AT

(1.10) P Stabilizer generators S¢; = {3;} : stabilizer group DIRIZ AR TTDE
fthD stabilizer generator D& TIEXE [F75 )

eg) {IZ,XI} <«— nooverlap

eg) {XX,ZZ} <«— even overlap

{S;} MhSEREN D Stabilizer group%z ({5:}) EEL 2 &ICT 3.

eq) {XX, 22V ={II,XX,ZZ,~YY)}




Stabilizer state

(1.12)

» Stabilizer state|¥):

S;|¥) = |¥) forall S; €S .

stabilizer operator M +1®

=)

HIRRE

(stabilizer operators &9 /X T H i)



Stabilizer state

(1.12) P Stabilizer state |¥):
Si|¥) = |¥) forall S; €S .
stabilizer operator M +1DEHIREE
(stabilizer operators [£9 /X T HJ#A)

n qubitRDXXJT : 2"
stabilizer generator® 42 2 EHEDEHIREDE : 25!

— stabilizer generator®#%|Sc HY qubit Zin EF LU WS
REN—EBEMWICIEESINS.




Stabilizer state

(1.12)

» Stabilizer state|¥):

S;|¥) = |¥) forall S; €S .

stabilizer operator M +1®

BB IARR

(stabilizer operators &9 /X T H i)

n qubitRDRKJTT - 2"
stabilizer generator £73 %

=)

BHIED

=)

BIRBEDH : 2!9¢]

— stabilizer generator®#%|Sc HY qubit Zin EF LU WS
REN—EBEMWICIEESINS.

XX
ZX +1 '1

+1 [100) +]11))/v2 ] (|00) — [11))/V2

_1 [(on) +Ron/v2 (110) — Jo1)/v2




Stabilizer state

(1.12)

» Stabilizer state|¥):

S;|¥) = |¥) forall S; €S .

stabilizer operator M +1®

BB IARR

(stabilizer operators &9 /X T H i)

n qubitRDRKJTT - 2"
stabilizer generator £73 %

=)

BHIED

=)

BIRBEDH : 2!9¢]

— stabilizer generator®#%|Sc HY qubit Zin EF LU WS
REN—EBEMWICIEESINS.

eq) S =(XX,Z7)

Bell state  (]00) + [11))/v/2

XX
ZX +1 '1

+1 [100) +]11))/v2 ] (|00) — [11))/V2

_1 [(on) +Ron/v2 (110) — Jo1)/v2




Stabilizer state

(1.12)

» Stabilizer state|¥):

S;|¥) = |¥) forall S; €S .

stabilizer operator M +1®

BB IARR

(stabilizer operators &9 /X T H i)

n qubitRDRKJTT - 2"
stabilizer generator £73 %

=)

BHIED

=)

BIRBEDH : 2!9¢]

— stabilizer generator®#%|Sc HY qubit Zin EF LU WS
REN—EBEMWICIEESINS.

eq) S =(XX,Z7)

Bell state  (]00) + [11))/v/2

eq) S;=(ZZI,1Z2Z,XXX)

GHZ state (]000) + [111))/v/2

XX
ZX +1 '1

+1 [100) +]11))/v2 ] (|00) — [11))/V2

_1 [(on) +Ron/v2 (110) — Jo1)/v2




Clifford gates & GK theorem

Clifford gates (& Pauli product Z Puali product NE 9"
— stabilizer state % stabilizer state N5 9"

Si’¢>¢: W>
US:UTU) = Ulip)

) \
SiU)) = (U))
#1 L Lstabilizer group

Gottesman-Knill Theorem
ATVRENPauliEEDIREET, 1= ) —BEEH L CClifford;EETH D, HMDEIE IFPauliE
ETCUNMTZARWES, SHEEREAFHEIAVE 11— THERLLYIZL—NTES,

n-qubit @ stabilizer generator (& (2n x n) -bit D HELEIR TR TE 3.

eg) XX — (1,1/0,0) ZX — (0,1|1,0)
i BHHDO X Z i BH1, jEBDZ%Z (n+j) EHOD 1.

universal quantum computationz 179 27/ ICIE S 5 ITAHIRE,




Magic state distillation

[

Ll

#8MDnon-Clifford gateh¥ds 11IXOK

by Solovay-Kitaev theorem

« BKFFRIR 7 VY TUIRRE (magic state) = 2. H 1L, non-Clifford
gateNEFT LKN—T—>3>%

JWTETTES.
p
1) l f7\X
cos(m/8)|0) + isin(m/8)[1) —p e’/ 87 o))

« HBHEEZN UV magic state H'H X, Clifford gateZz > T,

BRI/ magic stateZ distillation TE %

by Bravyi-Kitaev PRA 71 022316 (2005)

noisy ancilla + Clifford gate = universal



Stabilizer subspace

(1.15) P Stabilizer subspace:
stabilizer generator D% |Sc D' qubit #n K D H/NZWFE
stabilizer state (& 2”196 RITDHHE L 12D =R %R S,

eg) (Z22)
stabilizer subspace: {|00), [11)}

eQ) Sviy = (ZZ1,127)
stabilizer subspace: {|000),|111)}




Stabilizer subspace

(1.15)

(1.16)

» Stabilizer subspace:
stabilizer generator M%Y |S¢ ¥ qubit #n K D BN WFE
stabilizer state (& 2"71°¢ RITDHHE U 12BN LB % RS,

eg) (Z22)
stabilizer subspace: {|00), [11)}

eQ) Sviy = (ZZ1,127)
stabilizer subspace: {|000),|111)}

» Logical operators:
LYLZ = —LZLf &L}, S] =0 %@l n—|Sc| MOBEEF, LY, L7

[ PIiA 2 T Dstabilizer & ]k (i=1,---,n—|S¢a|)
eqg) (Z£2) L& OEHFIREE |00) £+ [11)

X Z _
Lir=X&, Ly =12 12 pmzmee 00),11)

eg) Syis = (ZZI1,1Z7)
L =XXX, L? = ZI1I



Stabilizer code

(1.17)

(1.18)

» Logical basis:

logical computational basis i1, ;)L & UTEERT 3.
(k=n—1[S5c)

5
(=]

(S, (1) LY - (=1)"*LE) | & > T stabilize i BIREE

¥) L7, L & logical basis - Mlogical Pauli operatoric %> T W3,

Lkz‘ila' e 7ik>L — (_1)Zk‘217 e 7ik>L

Lf’ilv'” 77;/€>L — ‘ilv"' 7ij@17"‘ 7ik>L

( LJ-Z(L;(‘Z'L e i) ) = —LJX(—l)ij‘h, R A = (_1)@@1([/3){’7;1’ o

eq) (ZZI,1Z7Z), L? = ZIT — |0) = |000), |1); = |111)
L{)p =—|1)r
L310) = 1)
» Stabilizer code:

] /‘../.‘—

stabilizer group & logical operator IC & > TEESINDEFRNETL

i) L) )

C 1~
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Quantum error correction

(1.19)

» Pauli error:

bit-flip error: (1 —p)p + pXpX
phase-flip error: (1 —p)p + pZpZ
depolarizing error: (1 —p)p+p/3(XpX +YpY + ZpZ)

» Pauli error® {5 ZEE N\ DYEH

(Si) I & > TEZE S 1 B stabilizer codelc 3 % Pauli operator
(Pauli product) T Z—& UTER LR, UTD220

ZahEAb5nd

A histabilizer Td 5. logical statez Z{t = 7R\,
A, S;] =0 £ Thstabilizer& Ak,
A hllogical operator Tdp 5. logical statezZ{t =& 2.

A, S;] # 0 stabilizer® Enh & RATHE —» {REED stabilizer subspace DS (EXRMZEM) (<
5.



Quantum error correction

(1.20)

(1.21)

ex)
«|000) + B|111) = «|000) + G|111) @EEM - Tz,
177
a|000) + B|111) e |000) — 8]111) KEEDENT,
117
al000) + B|111) = «|001) + (]110) REEAEIHZR
X AT,

» Syndrome subspace and error syndrome:
(8:5:) (si=%1) [CL>TEERIND () DEXMZEMZ
H(s1, + ,Sn—k)&E U, (81, s 8n—k) %& error syndrome & 133,

eq) Sy = (ZZ1,1Z7)

\‘ . Z71

o H(+1,+1) H(+1,-1)
L 000), [111) 100), [011)
1 H(—1,+1) H(—1, 1)
001), |110) 010), |101)



Quantum error correction

(1.22)

» Quantum error correction:

(1) £ Dsyndrome subspacel{RREDY L B D%z *1 5 (= error syndrome Z &1 5)

— Stabilizer generator =& HIE & U CHEIHITE Z 1T 5 =syndrome
measurement.

9 2.

(2) error syndrome M5 EDKDBRIT—HEETWEINEFEL, E]1

eqg) bit-flip error H3DDqubiticHIZICER T 2K S BRHEEZEZS.
H U, error syndrome (+1,-1)DMEF 5Nt & &,
X I 1 with probability ~p or I.X X with probability ~p?

most likely
~] ZZ1
» H(+1,+1) H(+1,—1)
000), [111)  —XJT [100), |011)
122 p lHX H(—1,+IT\I;<] H(—1,-1)
001), [110) 010), [101)

ITo—DREWESR p M/ S ITNIE 2 DIRIEIC K - Teffective’l@ To —HERIEA T



Syndrome measurement

(1.23)

» Indirect projective measurement:

A%

H8ME +1 O = —RNEBEEFET5S.
n e
-+ f X (0%l + |1 Al)/V2
0)(0] @ T+ 1){1] @ 4 |+

V) A I+ A

\+>( )rw
projective measurement of A O DEE A

RN T

eg)Sbit — <ZZ17

s 19 B,

122)




Steane 7-qubit code

\+>Imf7\x |+>T‘“ﬂ\x +)-e 000l N, \+>-Ino-f7\x +)-000el N, [+)-00eel N

1D DqubitiCEAT 5 Xerror 5 UL & ZerrorzE]IETE 3.

Stabilizer generators:
S1=241Z17Z17 5S4 = XIXIXIX
So=1Z7Z1177 Sy =IXXIIXX
Ss=111777 Se =11 XXXX

Syndrome subspace D# & 26=64
errorDFELEIE (147)(1+47)=64 - EHBZIS—NEBIEXBEMIHBLTNS,

—iRIC tED T —%ETIET BT ICiE

=2

2(3)] =

L 1=0

£ =ILIE (n,1)=(7,1),(23,3)....
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Topological quantum gomputation

Abelian non-Abelian

Topological quantum computation
with Abelian anyon on the surface
which consists of qubits.

Topological quantum computation
with non-Abelian anyon.

quantum memory:

surface (torus) code(memory): v=5/2 fractional quantum Hall state
Kitaev, Annals Phys. 303, 2 (2003) (thought to be non-Abelian anyon)

topological quantum computation: universal quantum computation:
Raussendorf-Harrington-Goyal, Fibonacci anyon

Annals Phys. 321, 2242 (2006)
Lecture Notes for Physics 219:

Raussendorf-Harrington-Goyal, Quantum Computation by Preskill

NJP 9, 199 (2007)
Sarma-Freedman-Nayak

Raussendorf-Harrington, Physics Today 32 July 2006

PRL 98, 190504 (2007)

Sarma-Freedman-Nayak

what we want to study Rev. Mod. Phys. 80, 1083 (2008).



Surface (torus) code
by A. Kitaev '97 (arXiv:9707021)

(2.1)

(2.2)

P Stabilizer of the surface code:
The face and vertex operators are defined for all faces and vertexes.

Ar=Q)Z Bv =R,
ieF JeEV
note) Ar and By are commutable, since each face and vertex share 0 or
2 qubits. Thus {Ar, Bv} is a stabilizer group.

» Surface code state |V)
Ap|¥) = |¥) and By |V) = |¥) for all Fand V.

25



Surface (torus) code
by A. Kitaev '97 (arXiv:9707021)

(2.3)

(2.4)

»the number of the logical qubits encoded on the torus:

Recall (1.15). LS VoS IO O WSt W
# of qubits (edges) in NxN torus: 2N2 10502520
# of stab. generators (faces & vertexes): 2N2-2 @, O__?_é_‘_”‘,l\Fc_?%_?____
note) -2 comes from the fact that [ Ar = 152" Q o ® 5 OidX PB,O
and I;IBV — 1% and one face and one vertex operator ¢ 0 ¢ Xq X 0
are not independent_ ........ .O ....... O..0.0 .........
# of logical qubits: 2
» In general.....
(face)+(vertex)-(edge)=2-2g where g is the genus of the surface.

Euler characteristic

# of logical qubits — (edge)-[(face)+(vertex)-2]=2g

26



Trivial loop operator

(2.5)

(2.6)

» Trivial loop operators act on the code space trivially:
= there is no hole or defect inside the loop

Since the loop operator Es

aproductof [ ] ,itis also a stabilizer operator. Thus its

multiplication does not change the code state.

» Non-trivial |OOp Operators commute with all stabilizer operators,

but they are not products of stabilizer operators. Thus non-trivial loop operators are logical
operators (recall (1.16)), which represent logical qubits.




How to correct error

(2.7)

(2.8)

» Error syndromes:

Incorrect error syndromes are found at boundaries of an error chain,
since Pauli operators on the boundaries anti-commute with stabilizers

(recall (1.19)). A
...O0.0 ....... O ...........
© O O
X error «w O Oamic-
\Q\-r* 1 0
...... *OO"O O;
o 0 Q©
errem. 00_1
0 0 ©
.......... 0.0..O.-.O.
> Error Correctlon _OO_OO .....
: : O 0 O O O
Infer the most-likely locations of errors cerrbu Qi Qued - Qe O -
conditioned on the error syndrome (recall Q-1 %)-1 O O O
.-..OO.-..0.0. .....
(1.22)) © 0 0 O O
— minimum-weight-perfect matching algorithm -#-O-i-Qu§=O-i-O-
0O 0 O 0 0O
.-...0.0.-...O.-O. .....



How to correct error

(2.9)

(2.10)

P Successful error correction: -« i-O-i-Qri-Qwi-Qwi
O 0 0 0 O

Estimated error is exactly as
same as the actual error. —

actual error chain
estimated error chain

note) Since |- _, |-_, trivial loop operator the recovery operatlon successfully corrects the
error.

» logical error:
If errors are too dense, recovery operation
results in a nontrivial loop operator, which
changes the code state.

The critical error probability, below which actual —ix-

topological error correction succeeds, is error :

~0.11, which is very close to the quantum i _ ; ;
Gilbert-Varshamov bound in the limit of O O O O O estimated

zero asymptotic rate. error



Threshold value

30

25

20

154 =

10F

P=3%

p=1 0%
30
251 =
R
|
10
5|
2 2 3% i 5 10
30
%) .
20
ol P=15%

10

10N 16 0 25 2N

15 20 25 30

Random-bond Ising modellc & (7
% Nishimori line Lt DHEERE &
Surface codeDFR D ETIERFR & I
A N IRYAN SRS



Kitaev model

Hamiltonian:

F 1% © .
e -O- : O . O" ....... —
* translationally invariant °O°OXQJ;}%V° )
OO

e ground state subspace = stabilizer subspace

* topological order = ground state degeneracy cannot be distinguished
by local operator (cannot be explained by Landau’s
sponteneous symmetry breaking)

e anyonic excitation

e ANLd

 String-net condensate by X.-G. Wen

Prae) = Q) (HQB‘”) 00---0)

v
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How to increase logical qubits

(2.11)| P Changing the topology of the surface:

recall (2.4): # of logical qubits is 2g

=0 — C= =0

But, this approach is somewhat complicated. |s there any way to
Increase logical degree of freedom systematically?




How to increase logical qubits

(2.12)

» Injecting the defects on the surface:

A stabilizer A is removed from the stabilizer gp.
We call this “defect”

...... |.O. O O . O a_-

Consider a plane surface instead of torus.

O O O O
.......... Qi Qi QiQ injection of a
O 0 O O logical qubit
.......... .O...O...O..O
© 0 O
...... |....O... Juans NI I ...O.

# of qubits: 2N(N-1)
# of stabilizers: (N-1)2+Nz2-1

— stabilizers on the plane surface

defines a state (not subspace).—"vacuum”

W vac)

The ope:rator:A is commutable with all
stabilizers, thus it is a logical operator,
say LAY,

We can also find Lx(1.



Primal defect pair

(2.13)| P Pairing the defects as logical qubit:

Boundary might be far away from the defects. If we inject a lot
of defects, the logical operators might be complicated.....

— We introduce a logical by creating a defect pair.

A1 and Az are removed from stabilizer group,
but A;1Az is still an element of stabilizer group.

The L(Zl) and L&l-)are both commutable
with all stabilizers.

The L(Zl)and L&l—)anti-commute, since they
share one qubit.

— The defect pair represents a logical qubit.




Defect pair creation
(state preparation)

(2.14)| »How to create the defect pair:

Measure a qubit in the X basis.

....... JPONS TPCSH TPOSE Wes W
Q 0 O O O
....... ,.O..,.O._O...,.O..

Aa and Ap are removed from the stabilizer group,
since they are anti-commute with X.

But, AaAp is still a stabilizer.




Defect pair creation
(state preparation)

(2.15)| »How to move the defect:

Measure the Ab, and |t iS OO .... OO .....
Measure the neighboring qubit in the X basis. revived as a stabilizer. 0010 OO
: : : : : @]
....... 000l ot
O O O O e Qe Qpeipres Qpreonn Qoo > ¢ o
O O O O O : : : : : O O O
- ; Q o O O O > G o
....... e Qi Qe Qprevdoee Oprovonees ; r r x : OO Ot
........... O*OO*O Qe :
O O O O O . > O O O O O OO OO
....... .O..-.O.-O.... . Separatlon : - O
O OACACAL ' S50 C39
....... O..0.0...O. O 'e) O-
O 0 O O O o ol
....... o N HiYo XY Wi W g W I ; o
E E E E E O .Oq. .....

Since the state is the éigénstate of XX,
which is the logical X operator,
+)z = (|0)z + |1)2)/V2 is now injected.

Ac is removed from the stabilizer group,
but AaAvAc is still a stabilizer.

logical operator

time >

| >p ™~ primal
L / defect pair

primal defect pair creation




Defect pair creation

(2.16)

(state preparation)

» How to prepare logical Z eigenstate:

The defect pair created in (2.14) & (2.15) is the logical X eigenstate.
How is the Z eigenstate prepared?

1 1
— The logical Z operator L ~ is the removed face operator. Thus the eigenstate of L A
that is the stabilizer state before the defect injection.

.......... O QrirerQreviers Qpredenrens OOOO e Qpret e Qreebenn Qrreieen Qperiesnes
Q 0 0 O O Q 0 0 O O Q 0 O O O
ereeeen Qe Q-im Qi O ioeees ) moo ....... Opeagrrers e Qi Q-im OG
O 0 O O O equivalent to O QO O Q O O —
Y @ JE R @ RN IO @ RN A @ q ...... O;O SR QLR or g 1 g W Mg Wi = ‘ \IjVaC>
O O O O O O O O O O O O O O O
.......... 0,0.0.0.\. ,0,0.0.0.\. ,0,0.0.0.\.
O O O O O O O O O O ©O O O O O
O:0:0:0 Oi0i0ioOo O:0:0:0

L :: _— defect pair

logical operator

(1)



Dual defect pair creation
(state preparation)

(2.17)| »We can also consider the dual defect pair:

oooo .......

_____ O _ O O ? O Defect pair creation (with Z basis measurement),
O ’[? ;OO separation can be done similarly to the primal defect (2.14,15).

Q OO O O
i 'O ....... Similarlv to (2.16), \Ijvac — |+ d.
5 A y Wyae) = |[4H)T
'OO‘O“'O .......
Q 0 O O ©
;O.O.,Oi:Og .......

p dual defect pair creation
0)7 ™
/

dual
defect pair

time >

d ((((((@\
L —

S primal
defect pair

+)




Defect pair annihilation
(Logical qubit measurement)

(2.18)

(2.19)

» Primal logical X measurement:

Since logical X operator is the tensor product of X on the chain which connects the
primal defect pair, physical Pauli X measurements tell us logical X measurement
outcome. ' ' ' ' '

O OO O b
6 6 6 6 6 /7N

Lx

primal defect pair annihilation

» Primal logical Z measurement:

Stabilizer measurement of the removed face operator gives logical Z measurement

outcome. : : : : :
6 0 6 0 ¢ AP

SN CECCE(0




Diagram

(2.20)

(2.21)

» Diagram for primal & dual defect creation:

7 dual defect pair creation
((((((G\Dr.mal 0)4 ~
/defect pair /
dual
defect pair
logical operator
time
|—|_>Z£ "> primal ‘_|_>d ((((((6\
defect
| _ _ ~— defect pair _ orimal
primal defect pair creation defect pair
» Diagram for primal & dual logical measurements:

primal defect pair annihilation

p e R m/

p « O
= [ —ex

primal defect pair annihilation




CNOT gate by braiding

(2.22) | P Braiding the primal defect around the dual defect:

Let us first consider the time evolution of logical X operators under the braiding.

input state
O O O O O O SO SO
o O O O O O O O O
Ot Qe Qe Qe Qe Qe Qo)

o o O O O O O O O
O Q Omw= O O O O O
A\ A\ N\ / A\ N\ N\ N\

o O O O O O O O O
OOt Qi Qi Qe Qe Qi)

O O O O O O O O O
O Qe OOt O QOO
o O O O O O O O O
Ot Qg Qe Qe Qe Qo)

Q o0 o0 O O O O 0O O
O O O O O O O O O




CNOT gate by braiding

(2.22) | P Braiding the primal defect around the dual defect:

Let us first consider the time evolution of logical X operators under the braiding.

O
O
O
Q
O
O
O

Ol Qi Qs Dy Qi il Q)
O O O O O O O O O
A\ A\ N\ N\ A\ N\ N\ A\
o o o O O O O O O
O O O_O-l O O O O O
A\ A\ N\ A\ N\ N\ A\
O O O O I O O O O O
O OtQ Ot Qe Qo)
O O O. O I O O O. O O
A\ \\W; \/ A\ |\ U \\
O O O O I > O O O O

Q
O
O
@)

OO0
O
O
O
O

O
A\
7\
|\

O
O
@)
Q

Q
Q
O
O
Q
@)
O
O




CNOT gate by braiding

(2.22) | P Braiding the primal defect around the dual defect:

Let us first consider the time evolution of logical X operators under the braiding.

@)

O

O

@)

)
U/

Q

Q

Q

@)
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O
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Q

O
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N\
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O

Q

Q

I
N\
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CNOT gate by braiding

(2.22) | P Braiding the primal defect around the dual defect:

Let us first consider the time evolution of logical X operators under the braiding.

Ot Qe Qo Qs Qo Qo Qv O
O O 0 O O O O O O©
Ot Qi Qe Qg QO QO
O 0 O O O O O 0O ©
O O O O O ............... O O O
O QO OmmOm O OmmmOmmmmp O
O O O ﬂ O ............... O O H

)
U
7\
O
Vo
(O
7\
(O
Y
(%

Q
Q
Q

O)
()
Y
U
()
()
N
(>
7\
O
N\
)
7\
O
)
(Y

O
Q
@
O
O
O
D " —(
O
O
O
O
O
O
O
D m—" y—(
(%

O
- Q
~ Q
: O
O
@) I O
Q I O
O - @) L(

N\
A\

@)
Ot
Q
@)

@)

O

e
N\

Q
Q
O
O
Q
O
@)




CNOT gate by braiding

(2.22) | P Braiding the primal defect around the dual defect:

Let us first consider the time evolution of logical X operators under the braiding.

O O O

O O C D) O
O O O

O O CcC DENO)

O O C O
OO "X

O O C O
%0 ]}

O O C O
O O

O O C D) ] O
A\ A\

O O 5

O O D O

multiplication of loop operator
does not change the code state




CNOT gate by braiding

(2.22) | P Braiding the primal defect around the dual defect:

Let us first consider the time evolution of logical X operators under the braiding.

Ol Qs Qe Qi Qv Qe Qv
O 0 O O O O O O O©
Ot Ot OO Ot QO
©O 0O O O O O 0O 0 O
O O O O O ............... O O O
O QO OmmOmf O OmmmOmmmOmp O
O O O ﬂ O ............... O O H
O O O O ]/-O—O—O—Oi O
Ot Qe Qg Qi Qe Qe Qi
O O O O D () O
O Q) ’r( O Q=) )-”l
O O O O I O O O © ] O

Ot OO O OO
O 0O O O Lo_o_o_oJ O
OO Qi QOO OO
O 0O O O O 0 O 0 O©
OO OO O OO0




CNOT gate by braiding

(2.22) | P Braiding the primal defect around the dual defect:

Let us first consider the time evolution of logical X operators under the braiding.

Ot Qe Qo Qs Qo Qoo Qe O
O O O O O O O O ©
Ot Qi Qe Qg QO QO
O 0 O O O O O 0O ©
O O O O O ............... O O O
O Q OmmOm= O O O O
O O O O O ............... O O O

Q
O
O
O
O
O
O
@)

o O O O O O o O contraction does not
O OO change the logical operator

O+Q O

o O O O O O o O
Ot Qe Qe Qe Qe Qe Q)

o o o O O O O O O
OO QO OO OO

O O O O O O O O O
O Qi OOt OOt Ot

(2.23) L% ® I%is transformed to L5, ® L% by the braiding.




CNOT gate by braiding

(2.24) | P Braiding the primal defect around the dual defect:

Next we consider the time evolution of logical Z operators under the braiding.

iInput state
O Qo Qe Qo Qi Qe QO
O O O O O
O Qe Qs Qe Qg Qe Qpe Q)
o O O O O
O O O O O
A\ A\ / N A\ / N /
O O O O O
O Qe Qe Qe Qe Qe Qpee= Q)
O O O O O
O Qe Qs s (-0
O O O O O
Ot QO Qe Qg Qe QO
o O O O O
O O O O O
[\ A (O o o U (O (O (O




CNOT gate by braiding

(2.24) | P Braiding the primal defect around the dual defect:

Next we consider the time evolution of logical Z operators under the braiding.

O
o O
O
o O
o 0
-/
o 0O
O
o O
O
o O
O
o O
O




CNOT gate by braiding

(2.24) | P Braiding the primal defect around the dual defect:

Next we consider the time evolution of logical Z operators under the braiding.




CNOT gate by braiding

(2.24) | P Braiding the primal defect around the dual defect:

Next we consider the time evolution of logical Z operators under the braiding.




CNOT gate by braiding

(2.24) | P Braiding the primal defect around the dual defect:

Next we consider the time evolution of logical Z operators under the braiding.

multiplication of loop operator
does not change the code state




CNOT gate by braiding

(2.24) | P Braiding the primal defect around the dual defect:

Next we consider the time evolution of logical Z operators under the braiding.




CNOT gate by braiding

(2.24)

(2.25)

» Braiding the primal defect around the dual defect:

Next we consider the time evolution of logical Z operators under the braiding.

output state

O O
Q
O O
@,
O
~ ~
o O O O O O
Ot Qi Qi Qe Qi Qo Qo Q)
O O O O O O contraction does not
S0 o o mguiNg o= ™e change the logical operator
O O O O O O
Ot QO Qi Qg Qe QO
C O O O O O
o O O O O O

1P @ LY istransformed to LY, ® L% by the braiding.



CNOT gate by braiding
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(2.26) P CNOT gate by braiding:

The transformation rule is equivalent to that of CNOT gate (1.7),which
indicates that the braiding operation acts as the CNOT gate for primal
(control) and dual (target) qubits.

h—




CNOT gate by braiding

(2.27)

» Diagram for the CNOT gate:
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circuit diagram
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topological diagram



Why “Abelian” anyon supports non-Abelian operations?

(2.28) | P Braiding & anyon:

.
— SN
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braiding = 2 x swap

Thus braiding operations of boson or fermion result in trivial operations.
Since braiding of the defect change the code state, they are anyons.

The defect is Abelian anyon, since the control qubit of the CNOT is always
the primal qubit.




Why “Abelian” anyon supports non-Abelian operations?

(2.29) | P How to support non-Abelian operations by using Abelian anyons:
control in control out
0 \l.,mQ ANg  _
)T T target out
target in o—, P

X |

This can be understood that Abelian anyons support
non-Abelian operations by changing the topology of surface!




Universal topological quantum computation

(2.30)

(2.31)

(2.32)

» Non-Clifford gates:

So far, we have Pauli basis preparation, CNOT gate, Pauli basis measurements, which allow
us an arbitrary Clifford operations.

However, quantum computation with Clifford operations can be efficiently
simulated by classical computer. Thus non-Clifford gates are necessary.

>State |nject|on | f 07

F 1

........... O-:-O.,:O.-:-O.| e’L@X
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........... .O..,.O..,O.-..-O..
O O O C . ewX‘\Ijva0> iZQ‘\IjV&C>
....... §".O""§""O""§"" . E...O....é....... L p p
5 6 o%s b (cos 0 4+ isinOLY)|0)] cos 0|+)¢ + isin|—)4¢
....... Oﬁooﬁo —  COS 9|0> + 4sin (9| > 7,0(|O> + 6—229 | 1> )

» One-bit teleportation for non-Clifford gate
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Fault-tolerant QC in 2D
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Fault-tolerant QC in 3D
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Fault-tolerant quantum computation with high noise threshold ~5%:

KF & K. Yamamoto, Phys. Rev. A 82, 060301(R) (2010)
[BEMZT © KF & K. Yamamoto, Phys. Rev. A 81, 042324 (2010)]

Fault-tolerant quantum computation with probabilistic two-qubit gate:
KF & Y. Tokunaga, Phys. Rev. Lett. 105 250503 (2010)

Topological quantum computation on the thermal state of spin-3/2 system:
KF & T. Morimae, arXiv:1111.0919, to be appeared in PRA Rapid Com.

[BIEIAZ : KF & T. Morimae, arXiv:1106.3377]

Topological blind quantum computation:
T. Morimae & KF, arXiv:1110.5460
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qubit, Pauli operator, Clifford gates

stabilizer group, state, subspace, logical operator, code

syndrome measurement, indirect measurement

surface code, trivial & non-trivial loop operator

braiding, diagram, 2D, 3D
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qubit, Pauli operator, Clifford gates
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surface code, trivial & non-trivial loop operator

braiding, diagram, 2D, 3D




Gottesman-Knill’s theorem

Theorem

If the input state is product states of eigenstates of Pauli operators,
all unitary operations are Clifford gates, and the output state is measured in Pauli basis, then
such quantum computation can be efficiently simulated by classical computer.

Input state is a stabilizer state. Each stabilizer generator of the n-qubit system can be
represented by 2n-bit.

(1.14) eg) XX — (1,1/0,0) ZX — (0,1|1,0)
ith Xisith 1, jth Zis (n-4)th 1.

Since Clifford gates map a stabilizer state to another stabilizer state, they can be expressed as
a linear map of Z»2n. Thus stabilizer generators of the output state can be easily calculated by
using classical computer.

Furthermore, the probability distribution of the output state under the Pauli basis A; = I, X, Y, Z
measurement is easily calculated by using classical computer.

I 1)¥i A,
p(vy, ) = (Y] H all W) (v; = 0,1 measurement
outcome)

) (G =0,1)

SO VI3 (CRR

(Cla aCn) i=1

= X > IZK—l)’”Ai]@'

1

v)
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