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Dirac

In mathematical thoeries the question of notation, while not of

primary importance, is yet worthy of careful consideration, since

a good notation can be of great value in helping the

development of a theory, by making it easy to write down those

quantities or combination of quantities that are important, and

difficult or impossible to write down those that are unimportant.

P.A.M. Dirac: “A new notation for quantum mechanics,”

Math. Proc. Cambridge Phil. Soc. 35, 416 (1939)
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( ): ( 2 ) 3, I
( , 1972, 2011) pp. 197–199.
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4 198

〈ψ|Â|χ〉 ,

Â ( ) ,
, . Dirac
, .

( /
). , ?
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197 :

Â†|ψ〉 {〈ψ|Â†} 〈Â†ψ| ,
〈ψ|{Â|χ〉}

〈ψ|{Â|χ〉} = {〈ψ|Â†}|χ〉 = (〈χ|{A†|ψ〉})∗ (4.2.6)

. 〈ψ|Âχ〉 = 〈Â†ψ|χ〉 = 〈χ|A†ψ〉∗.

(4.2.6) , 198 11 :

Â Â† = Â , (4.2.6) 〈ψ|Â|χ〉
. Â ,

. Dirac
.
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197 :

Â†|ψ〉 {〈ψ|Â†} {〈ψ|Â}, 〈Â†ψ|
, 〈ψ|{Â|χ〉}

〈ψ|{Â|χ〉} = {〈ψ|Â†}{〈ψ|Â}|χ〉 = (〈χ|{A†|ψ〉})∗ (4.2.6)

. 〈ψ|Âχ〉 = 〈Â†ψ|χ〉 = 〈χ|A†ψ〉∗.

(4.2.6) , 198 11 :

Â Â† = Â , , (4.2.6)
〈ψ|Â|χ〉 . Â

, . Dirac
.
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(1)

198 , 5 (αÂ)† = α∗Â† .

〈ψ|{αÂ|χ〉} = α{〈ψ|Â†}|χ〉
= {〈ψ|(Â†α∗)}|χ〉)

, . ,

〈ψ|{αÂ|χ〉} = α{〈ψ|Â}|χ〉
= α(〈χ|Â†|ψ〉)∗ = 〈χ|α∗Â†|ψ〉∗

〈χ|(αÂ)†|ψ〉∗ , (αÂ)† = α∗Â†

.
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(2)

198 , 13 Â|ψ〉

〈ψ|{Â†Â|ψ〉} = {〈ψ|Â}{Â|ψ〉} = ||Â|ψ〉||2 ≥ 0

2 .

〈ψ|{Â†Â|ψ〉} = {〈ψ|Â†}{Â|ψ〉} = ||Â|ψ〉||2 ≥ 0

.
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(3)

199 , 12 . :
.

, ν ν ′

〈a′′, ν ′|a′, ν〉 = 0, a′ = a′′ .

, Â

〈a′′, ν ′|Â|a′, ν〉 = a′〈a′, ν ′|a′′, ν ′〉
= a′′〈a′, ν ′|a′′, ν ′〉

, .

,
. , , 〈a′, ν|

Â a′ . ,
, Â|a′, ν〉 = a′|a′, ν〉 〈a′, ν|Â = a′〈a′, ν|

.
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(4)

195 , 11
, α|ψ〉 {〈ψ|α}

,{〈ψ|α} = α∗〈ψ| α∗〈ψ| .

f
α|ψ〉+β|ϕ〉(|χ〉) {〈ψ|α + 〈ϕ|β}|χ〉 = α∗〈ψ|χ〉+ β∗〈ϕ|χ〉 (4.1.4)

, “(4.1.3) |ψ〉
” , 〈ψ| α|χ〉

〈ψ|{α|χ〉} , 〈ψ|{α|χ〉} = {〈ψ|α∗}|χ〉 f
α∗|ψ〉(|χ〉)

.

( ) — 2013.1.5 12 / 43



( )

197 :

Â†|ψ〉 {〈ψ|Â†} 〈Â†ψ| ,
〈ψ|{Â|χ〉}

〈ψ|{Â|χ〉} = {〈ψ|Â†}|χ〉 = (〈χ|{A†|ψ〉})∗ (4.2.6)

. 〈ψ|Âχ〉 = 〈Â†ψ|χ〉 = 〈χ|A†ψ〉∗.

, .

〈Â†ψ| ,
.
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(ψ, χ) = 〈ψ|χ〉
(ψ, Âχ) = 〈ψ|Âχ〉
(B̂ψ, χ) = 〈B̂ψ|χ〉

, .
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3

(ψ,χ) (ψ, Âχ) (Â†ψ,χ)

〈ψ|χ〉 〈ψ|Âχ〉 〈Â†ψ|χ〉
〈ψ|χ〉 〈ψ|Â|χ〉 〈ψ|Â|χ〉

.
I ( ) .

, .
I ...

Dirac .
I .
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3 :

(a) Dirac .
(b) , ,

.
(c) , ( )

.

, (b) (c) .

(c) .

, 4 , (b) (c) .

,
. .

, ,
.
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(i) ;

(ii) , ,
;

(iii) , ,
, .
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P.A.M. : 4 , 6

,
,

(dual vector) .
,

.

.
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x ∈ V ( ) φ(x) ∈ C

.

V V ∗ .

(V ∗)∗ ' V ( )

, ,
.

( ) — 2013.1.5 19 / 43



( ) H |χ〉 ,
ψ(|χ〉) ψ( ) .

ψ( ) : |χ〉 ∈ H 7→ ψ(|χ〉) ∈ C

H∗ .

ψ( ) 〈ψ| , ψ(|χ〉) = 〈ψ|χ〉 Dirac
.

(|ψ〉, |χ〉) , .

( ,  ) : |ψ〉, |χ〉 ∈ H 7→ (|ψ〉, |χ〉) ∈ C
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vs

H HH∗

|ψ〉 |ψ〉

|φ〉 |φ〉〈φ| †

(|φ〉, |ψ〉) 〈φ|ψ〉
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H (|ψ〉, |χ〉)
ψ(|χ〉) = (|ψ〉, |χ〉)

〈ψ| := ψ( ) |ψ〉

H H∗ 1 1

|ψ〉 †↔ 〈ψ| |ψ〉† = 〈ψ|, 〈ψ|† = |ψ〉
(|ψ〉, |χ〉) = 〈ψ|χ〉, 〈ψ| = |ψ〉†

H∗ , .
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H H H∗ .
H H∗ 1 1

α|ψ〉+ β|φ〉 †↔ α∗〈ψ| + β∗〈φ|

.

| 〉 〈 |
〈 | | 〉.

|ψ〉 = 〈ψ|†, 〈χ| = |χ〉†,

|ψ〉 †↔ 〈ψ|, 〈χ| †↔ |χ〉
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( ) (2 ).

a φ ∈ V ∗

. .

2 x,y,z ∈ V , a · x = 3,
a · y = −1.5, a · z = 0 . φ

.

0

1

2

3

4

-1

-2

x

yza
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.
a ∈ V ∗ , x ∈ V a · x

, x .

,
.

.

1 (V = Rm) . a ∈ V ∗

x ∈ V a · x .
, a , .

a1 ∈ V ∗ ( ) u =
√
g > 0 ( ) 1

, x 2 |x|2 := u2 × (a1 · x)2 .
, V ( ) .

au = ua1 , x
†↔ (au · x)au.
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a1 au a1.5u2

000

1 u

1.5u

1.5u2

2.25u2

†
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,
.

N {a1,a2, · · ·aN} hij

.

2N Xi = ai · x, Yi = ai · y

(x,y) := hijXiYi = hij(ai · x)(aj · y) = hijaiaj : xy = h : xy

V .
, V .

h = hijaiaj ∈ V ∗ ⊗ V ∗ .

x ∈ V , x
† = h · x ∈ V ∗

.
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, Â H , H∗

2 .

. ,
.

, Â−→, Â←− .

, 〈ψ| Â−→|χ〉 = 〈ψ| Â←−|χ〉 .

, Â←− Â−→
.
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〈ψ| Â−→|χ〉 |χ〉 ∈ H . 〈ψ′| ∈ H∗

〈ψ′|χ〉 .

〈ψ′| 〈ψ| , H∗

Â←− : 〈ψ| 7→ 〈ψ′| = 〈ψ| Â←−
. . ( .)

, , |ψ′〉 = 〈ψ′|† |ψ〉 = 〈ψ|†
,

|ψ′〉 = Â−→
†|ψ〉

Â−→
† H .

, H∗ Â←−
† .
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H

ÂÂ†

|ψ〉

|ψ′〉 = Â|ψ〉|φ〉

|φ′〉 = Â†|φ〉

(|φ′〉, |ψ〉)

(|φ〉, |ψ′〉)
‖

( ) — 2013.1.5 30 / 43



H

H∗

Â̂AÂ Â†Â†

|ψ〉

|ψ′〉 = Â|ψ〉〈φ|

〈φ′| = 〈φ|Â

|φ〉

|φ′〉 = Â†|φ〉 〈ψ|

〈ψ′| = 〈ψ|Â†

†

†

†

†

〈φ′|ψ〉

〈φ|ψ′〉
〈φ|Â|ψ〉
‖

‖
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, 2 , 4
Â←−, Â−→, Â−→

†, Â←−
† .

, Â−→, Â−→
† 2 .
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〈Âψ|χ〉 , .

〈Âψ|B̂|Ĉχ〉 = 〈ψ|Â†B̂Ĉ|χ〉
.

,
:

|x, t〉, | 〉, . . .

.

.

, ,
.
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ψ(x), χ(x)
:

∫ ∞

−∞
ψ∗dχ

dx
dx = −

∫ ∞

−∞

dψ∗

dx
χdx

, d̂ , d̂† = −d̂

〈ψ|d̂χ〉 = 〈d̂†ψ|χ〉 = −〈d̂ψ|χ〉

,

|ψ〉†(d̂|χ〉) = 〈ψ|(d̂|χ〉) = (〈ψ|d̂)|χ〉 = (d̂†|ψ〉)†|χ〉 = −(d̂|ψ〉)†|χ〉

, .
, .
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d̂ = lim
a→0

D̂(a)− 1̂

a
. , D̂(a) a

, D̂†(a) = D̂−1(a) = D̂(−a) .

, d̂† = −d̂ .

p̂ = −i~d̂ .
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D̂(a) : D̂†(a) = D̂−1(a). ,
D̂(a+ b) = D̂(a)D̂(b), D̂(−a) = D̂(a)−1 .

|q〉 D̂(a)|q〉 = |q − a〉.
, 〈q|D̂†(a) = 〈q − a|. D̂†(a) = D̂(a)−1 = D̂(−a) ,

〈q|D̂(a) = 〈q + a|.
d̂(a) := (D̂(a)− 1̂)/a , a→ 0 .

d̂(a)|χ〉 q-

〈q|d̂(a)|χ〉 = 〈q|D̂(a)− 1̂

a
|χ〉 =

〈q + a| − 〈q|
a

|χ〉

=
χ(q + a)− χ(q)

a
→ 〈q|d̂|χ〉 =

dχ

dq
(q) (a→ 0)

〈ψ|d̂(a) q-

〈ψ|d̂(a)|q〉 = 〈ψ|D̂(a)− 1̂

a
|q〉 = 〈ψ| |q − a〉 − |q〉

a

=
ψ∗(q − a)− ψ∗(q)

a
→ 〈ψ|d̂|q〉 = −dψ∗

dq
(q) (a→ 0)
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〈ψ|ÂB̂|χ〉

〈ψ|(ÂB̂|χ〉) = (〈ψ|Â)(B̂|χ〉) = (〈ψ|ÂB̂)|χ〉

,

〈ψ|ÂB̂χ〉 = 〈Â†ψ|B̂χ〉 = 〈B̂†Â†ψ|χ〉

, .

,
.
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, , |ψ〉〈χ|

L (H ; H) ' H⊗H∗

1 ,

1̂ =
∑

i

|ei〉〈ei|, Â =
∑

i

ai|ai〉〈ai|

.
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Â a |a〉
:

Â|a〉 = a|a〉

, 〈a| (= |a〉†)
〈a| Â ( Â←−) .

〈a| , Â† ( a∗ ) :

〈a|Â† = a∗〈a|

Â , 〈a| Â a :

〈a|Â = a〈a|
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Â (ai) (i = 1, 2, . . .) ,
, ( ) (|ai〉) .

(〈ai|) , 〈ai|aj〉 = δi
j .

,
, 〈ai| 6= |ai〉† .

, Â =
∑

i ai|ai〉〈ai|
|ai〉 〈ai| Â ai (= ai) , .

Â† =
∑

i a
∗
i |ai〉〈ai| a∗i ,

, |ai〉, 〈ai|.
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Â (normal) , [Â†, Â] = 0 . (
, , . )

(|ai〉) .
|ai〉 = 〈ai|† = |ai〉 .

Â =
∑

i

ai|ai〉〈ai|

, , .

, ai .
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(1)

.

.

.

.

, .
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(2)

Dirac ,
( ) ( ),

,
.

,
.

.

,
, , ,

( ) .
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