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Some years ago, DWave announced optimization of
a complicated function was done ultra-fast.

This is a weird claim to make.
Have to say something about a family of functions.

There can be a physical process which goes to the
minima for a specific function, but it is not useful, nor
make any sense in theory.
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NP

Only combinatorial

structures NP hard NP complete

Graph isomorphism

ETF:tEn >
B9 Factoring

Can use algebraic structures
symmetry
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Let us listen to hrkje4E,
a specialist of conventional’ architecture:--
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BNN=Binary Neural Network
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Simulated Annealing (simplest version)
Annealing =BEZ W £ L
H(xt, x?%, -, x™) = Z]ijxixj — Z hxt xt=+1
L] i

Set T > 0 properly, and repeat the following until certain conditions are met:

1 Fori=1tondo

IfH(xl,m;"u-) < H(x',---xt---), flip the value of x!

Otherwise, flip x' with the probability
1 — 1 .
eXp{_EH(Xl, ,x‘ )}/ exp{—gH(xl, ---,x‘ )}

2 T — smaller (Scheduled so that T=0 at the end )

If T=0, gradient method

If Tis fixed, a standard algorism to generate canonical distribution (Metropolis )



Simulated Annealing =gradient + noise
=noisy neural network

If T=0, gradient method

O 2,2 = ) Jyxlad = )
N ;
H(F, ...,xn) — H(xl, e, x™) = (ﬁ—xl) {Z]ljxj — hl}
j
x1 < 20 (Zhjxj - h1> —1 ®: Heaviside function
j

Neural network (Amari-Hopfield network)
J:connection h: threshold

If T>0, gradient + noise

x! « 20 (Z]ljxj — h1> —1+wir;
J



Simulated Annealing as nosy AH-network

it XiJix’ =hy, x*=1+wp,r ¢m :output



How QNN works

Pump SHG Signal DOPO pulses
pulse pulse _ LO
' L/ . pulse
SHG

PPLN
waveguide

\ e Beam splitter #1

Fiber ring cavity

Homodyne
detection

Beam splitter #2

A. Yamamura, K. Aihara, and Y. Yamamoto,

Quantum coherent Ising machines: Discrete-time measurement feedback
formulation, Phys. Rev. A 96 053834 (2017)



QNN as a neural network

%xz@
e (D)= D (7))

3
J13x

Go through
PSA+ linear loss Compute by

FPGA
¢m : measurement

- : combine

1. Each pulse is functioning as an analogue register

2. No quantum interaction btw pulses (neurons)

3. Computation of the input is most essential part = done by FPGA
(other parts are independent of the problem to solve)

A EETHBEANESONCEFZINE. AXHIELEDS. CNEF2EZ1—-3)L=wY hostEL
TDHD,

cNcT, J7AINEOEFALENND A XL RAE5E, BidEdBNNEE.

(BEZFEL>MDOULA )

BNN=Binary Neural Network
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Pump SHG Signal DOPO pulses

pulse pulse ) LO
L/

PPLN
waveguide
‘\ e Beam splitter #1

]

|
Fiber ring cavity ____é

v

Homodyne
detection

Beam splitter #2




Their comparison of QNN and classical

1. Run simulated annealing on a single CPU.
recall FPGA was taking care of the core part
How much FPGA helps ?
2. compared physical time
clearly, choice of the hardware is not appropriate
Thus | think they should compare in terms of
# of times of use of neurons (pulses)
= how many times ijljxj — h4 is computed
= how many times “the cycle” goes round

If we compare in terms of this measure, which wins ?

| asked these points to one of the project team, who kindly
answered these points frankly.
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Time evolution when the 2 pulses comprises the system

(d)

in front of the PSA
N =10 N =30 N =60 N=150
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Motivation & implication

Sets a complexity theoretic upper bound to
computational ability of QNN

Namely, impossibility of exponential speed up

Polynomial in
1. 1/error
2. number of the pulses
3. number of the rounds

Caution :
- Not limited to worst case analysis.
- Does not deny polynomial speed up

- Does not claim QNN can be as fast as this upper
bound



How QNN works

A. Yamamura, K. Aihara, and Y. Yamamoto,

Quantum coherent Ising machines: Discrete-time measurement feedback
formulation, Phys. Rev. A 96 053834 (2017)

dp

PSA i L(p):=m [@Tz — a’za p] +

n2(2a°pa’® — a™a’p — pa'?a®)

\ / / ME D /%)L X M [ElIL—7
A

.
-------

Homodyne
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How to bound the cut-off size L
Compute an upper bound to (e5V)

s : arbitrary positive real

N: number operator

< >: average
By Chebyshev ineq.

tr (I — P;)p < exp{—s(L — 1n<eSN>)}

P, : projection onto the span of {|n)}%_,

We will show :
M : number of rounds

In{esV) < O(Mz + MlnM’) =: L M’: number of pulses

By this, if L := 2L, tr (I — P,)p is exponentially small



How small’ (eSV) has to stay ?

tr (I — P)p < e Sk(eSN)

P, : projection onto the span of  {|n) ﬁ:o

L: we want this to be poly(M,M’) M : number of rounds

M’: number of pulses

. In(e5N) has to be bounded by poly(M,M’)




How to bound (e*") ?

SWILAEORBEERL’H 2H 6., @R Z2ERFICIERHAE L E WIFRN?

Ty T
1 — j
X h @ - Y1 Z]l]x x3@ \ / /
J ] X3 : 1
Go through 13 L -
PSA+ linear loss Compute by

FPGA

/X)L X [ measurement-feedback 7= 17 CHHEAE1EH
Feedback X E ZIRIEHYY D coherent F & &K
[ ICIE L= —D/RT—Hh 5<% LRy DY

max (eSV)

|V1|=Ymax

FERBINIE, MDO/NRNILZADSDATIHETH > T=H =4 T LW




Evaluation of (esV) :PSA
dp

ar L(p)

L(p) := m[a™ —a®, p] + m2(2a°pa’™ — a™a’p — pa'a?)

(eSN) is not increasing if it is above certain threshold

Use analogous statement about polynomial of N, which is the
main result of:

R. Azouit, S. Sarlette, P.Rouchen, Convergence and adiabatic elimination
for a driven dissiative quantum harmonic oscillator. arXiv:1503.06324v1

Squeezing
—— & —
Two photon loss
A ’ Y
I T, T
h p 4
\\}\ y ‘i/ //
% 4 ¢ 1 L 4
o [ Messure l
ment

L




Evaluation of (e®V) : measurmert

Measurement:

NQ® L, +1Q® N, |IBSDOHEIH% TREF

tr pe’™N = tr Up ® |0) (0| UTe3(NOI+IENvac)
> tr Up ® |0) (0| UTe*N®!

_ /daf)mtr [ (2| Up @ |0) (0| U T @ |z €N
— /daf)mtr W{L'm prTm BSN

= /d;r:mp(xm)tr oz, €N
> Atrpe®™N Pritrp,, e > Atrpe*N}.

1
Pr{tr p, eV > \trpe®?} < 1




Evaluation of (e®") : measurment

T
Measurement: /
| l
Pr{tr p, eV > AtrpeV} < —
A Measure-l
ment

ZDERIFEXRIZIREDOFICKELT T . BEBEAD A
THRFDIEH

MEIDIL— T D%, MED/SILZN { WOBEHREE-THEXR|T

(4 1MMI
- A

A= (MM ¢ § % c\2\2<1—

MM’
(MMr)2> ~ exp{(MM') %1} ~ 1

‘ .'.<eSN>after < A<eSN>old - LT%&’B ‘




Evaluation of (e*V) : phase shift

_s d2(]f s 2
trp exp(sa’a) = e — exp((1 —e™?) |a|”) {(a] p|a)
dQOZ 2
ah-x WP e —exp((1 —e™) Ja+27) (af pla)

x| < Ymax

1
< g(s, M)tr p exp <S + M) N

g(s,M) <exp {yi.x +8(eS—1M+ M1}

BEMICZORZED LT, RE D sCZOMICKELLTWEHRTH 5
ZEIFEE



Evaluation of (e%") : }&&

M-1
In (V) < Z Ing(s + kM~1,M) + MInA + max{ln(e(”l)’v)init, (s + Dy}
k=0
M-1
2 Ing(s+ kM 1, M) < My2. + 8M?(eSt1 —eS—1)+1
k=0

In(eSN) < My2.x + 8M?(eStt —eS—1)+1 +2MInMM’

+max{1n(e(5+1)N)init, (s + Du}
= O0(M? + Min M")

tr (I — P)p < e SL(eSN)  P,: projection onto the span of {|n)}%_,

* Ly =0(M?*+ Min M")



How cut—off effects total accuracy

Key : 1. triangle inequality
2. CPTP does not amplify the error

( II A)() :process to be simulated

Pr(p):==PrLpPr
||PLO- H (A;joPpr)(p) — ( H Al < (t + 1)36—3(L—LS)

BEEENDL—D—D
Hhy b A 7L DTANEZ S

Li=0M?+MInM"), L =2L, &> THIFIL t [Lpoly(M,M)E TOK.

PABEIE, WxLiTol72& L Tilk o




How to simulate PSA

dp

2~ L) L(p) :=m[a™ —a?, p] + 12(2a°pa’® — aa’p — pa®a?)

FFEIFE 2 %l #&h (=1/poly(M,M’)) T E
(HNAHBET2ZEHY A TDOERENEE B)

exphL (p) = kK XD T—7 —EBETHEL (kT

k—1
exp(hL)( < b_hh(L un k) blX EDD AN
i=0 1 K EEDHEH

1/h XMXMEEVERLBE > THREqZBAD LD TN~ <hz &b

k
N 281/ (k—1)
ht = U(k_l)(LJrk)k (MM")
s(Zb)2 TOLMO (MM KAk = LB

(R RIICIE ~ L)



How to simulate PSA

L(p) :== m[a' — a?, p] + n2(2a°pa™ — a™a*p — pa™®a?)

a..aataln ><n'|la..aata DETEZ0O(LM2)E]X 5
FEOFEIL, KOEEEFEDOREA NS

F7-. In(U/e)ZFHEZ & >TW 5

eTCxHEsrE. 177 FH7Y
E—5L3+5(MM/)6 lne~1



Sl

1
p— W, pW
tr W, pWa

1
(x|me|n) = n_%(tx + rx,|n) exp(—i (rx — tx;,)?)

1 WL > N 7
(xln): TIL I — F ZIEH xe2° (nt: RITZE, EBE)

J (0 1x)(x|Wy |n)dx |l ZBBITRIICSKRE Y . EDITFIER, BELKES
TILI—FZEADERZZ X T, FEAERRE I L In(1/e)
THERIZIZNDOLME o
MR (rhDT) LE ++L%In(1/)

T ~ Tt Wy, pW]  ERDEERE — R O AR

SEEE =EXBHOBLE Y —~ M Tl
HIEXAMBERIC=Z 12— F VETRLN TR
SHRAEOAR=FE. RBEEEDFE L7(1/e) In2(1/e)



Phase shift

(n|D(y)|m): Laguerre (%I TEI(T5 (HEOH:m-n =L)

THDEZH L
T OENTE 3

HT24X In(1/g)

7l L* In(1/€)

(phase space Tl T H I 72T DI HETL)



FeHBELTTRHIY
PSA L3tO(MM")%e°lne 1

%ﬁfﬂ” L86_11n26_1 _

Shift L* lne~1

ZNH MM’ [E

z LT
L=0(M?+MlnM")

EFHAIRTLED o o o 7
THEFH, %EL
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Simulation by classical computer: outline

1. Approximate the density op of each pulse
by L X L matrix (in photon number basis)
- possible as the amplitude does not grow too much

2. Compute time evolution
PSA: D AR & ZE 0
F2 C|ldp/dt||; ~ L* L:cut-off
LIZZIEXRIICIEN>Z] A& B 1540
&R

Measurement: throw away low-prob events
- since they add up for each round, they should be
proportional to 1/(times of repetition)



Simulation : how can it be polynomial time ¢

Given M of L-level systems, the total system is LM
dimensional : notoriously large !!

But,

the system is always in a tensor product state,
conditioned by the measurement results

( this is much stronger than separable)

No quantum interaction. Thus each pulse can be
simulated separately.

LAM X LM = LXLXM

Quantumness is just inside each pulse
= No exponential speed up



Evaluation of (e®V), phase shift

d2
trp exp(sata) =™ [ == exp((1—¢*)laf*) (a] pla)

tr D(z)pDT(2) exp(sala) =e” d—exp((l —e %) la+z|*) (o] p|a)

T

< e trpexp(s(l+ ——)a'a
< pexp(s( 2yo) )

Yo: arbitrary positive

s(y® +2yo +y/(2y0)) = s 1



Evaluation of (e*"), measurements

1
Pr{trp, e*" > Atrpe*V} < 3 {

trpe’™ = trUp @ [0) (0| UTes VT ENvae)
> tr Up®|0) (0] UTesN®!

= / dztr T® (2| Up ® |0) (0| UL @ |2,,) €N
— /dmmp(a’:m)tr Oz, esN

> Mtrpe®? Pr{trp, e > \trpesV}

Chebyshev’s ineq.



How to bound the cut—off size L

Compute an upper bound to (e5V)

S : arbitrary positive real
N: number operator
< >:average

tr (I — P;)p < e 5k(esN)

P, : projection onto the span of  {|n)}Z_,

There is LS — O(M In MM’) M : number of rounds

M’: number of pulses

s.t. {(e5V) < eShs holds in the whole process
with constant probability



After the cut—off: squeezing + two photon loss

<C'h(L+2)°

p—Po [(I +h L+ %hQLQ)(p)]

().,

L* ()]

iaj 1

h® sup
te[0,h]

< g [0,

< W73 (L +2)°

< b3 sup

1/h of them to simulate single process
1/2
€1

B C"1/2 (L + 2)4 (MM')1/2

Total time (L7(MM Y2e ! 12)0ger )

for the single
( gle) = 0(M7>(M")%5log MM' £7%loge; )



In fact, h affects L

Since 1/h of infinitesimal process is necessary to
simulate single one;

But the effect is log :
Since the error by cut-off is e ~S(t=Ls) at each step,
1 —s(L-Lg) _ e—s(L—LS+s_110g h)

—€
h



Measurement and phase shift

Each matrix components of measurement POVM
and phase shift operation are computed efficiently
(in terms of error).

Matrix multiplication: O(L3 loge™1)

Generating random number

for given cumulative distribution function:
O(s ?loge™)



Summing up:.

Most costly part is now squeezing + two photon loss

O(MS.S(MI)l.SlOg MM’ 81—0.510g81—1)



Why it takes so much ¢

Since the cut-off L grows in proportion to M, M’

But is it really necessary?

Numerical results seem to indicates Wigner function
stays around between two fixed points.

If one can assume this,
L=0(logMM")

c.f. Time for simulating squeezing+ two photon loss

0 (L7 (MM’)l'Sel_l/Zlogel_l)



(b)

L& —T
1

5

e
© uun o

=15

(c)

r—X
!

15

=
o uvuun_ o

-15

(d)

in front of the PSA

N =10 N =30 N =60 N=150 -~
¢ @ Q@ |
® O @ ®
230 0 20 —20 0 20 =20 0 20 =20 0 20
® ® ® ®
® ® ® ®
50 0 20 —20 0 20 —20 0 20 =20 0 20




Precision might be excessive

In this simulation method, error is kept small enough
that it does not accumulate throughout the run

However, CIM in real world is not free from
accumulation of error



Smaller but possible improvement
. squeezing + two photon loss

3y d’p 3 3
h up Kdt3 (t))LJ <h ts}él,)h]“L (P(tng
< B3 sup [LS (a)]Z ; < hSTSC‘% (L + 2)6

The last inequality is too crude :
(upper bound to each component ) X number of matrix elements



